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Cayley-Dickson Algebras

e Denote Ay =R, g :=1.
® Conjugate: V x € Ap, X := X.

® A1 = A+ Arey is defined by:
® Multiplication:

(a+ beye) (¢ + dey) := (ac—ab) + (da— bc) ey, Va,b,c,de A.
® Conjugate:
a+bey :=a—bex, VabecA.
* Denote

€miot = €m-€x, m=12.2"-1.

. . £l
® g, €1,...,6_1 IS a basis of the real vector space A, = R?",
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Cayley-Dickson Algebras

e Complex numbers C = Ay, quaternions H = Ap, octonions
O = A3, sedenions & = As.
e A, ¢ <3, is alternative, i.e.

(aa)b = a(ab), vabeA
a(bb) = (ab)b, v

e A, ¢ > 4isnot alternative.
® leta:=e; — eypand b := es + e15. By directly calculation,

ab = ba =0, a=-2.
Then (aa)b # a(ab) since

(aa)b=-2b #0,
a(ab)=a-0=0.
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Slice structure of Quaternions H = A

e Imaginary units of A, = H:
Sui={/cH: P =1}
:{x1e1 + X + X363 1 X, ER, X2 + X5 + x& = 1},

o Aslice of H:
C;:=R+RI, I€Sy.

e Slice structure of H:
H=|JC.

1€Sy
e For each Q C H, denote

Q:=QnC, Qr :=QNR.
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Classical quaternionic analysis

Classcial quaternionic analysis (Fueter, 1934, Comment. Math.
Helv.):

e Afunction f: Q € 7(H) — H is called Fueter regular, if it
satisfies the Cauchy-Fueter equation, i.e.

0 0 0 0

— +i—4j—+k—|f [+ Xj k) = 0.
<8X0+/8X1 +ja+ X) (Xo + X171+ Xj + x3k) =0
® g,q" are not Fueter regular.

¢ Slice quaternionic analysis: Study a class of functions
containing > . 9"an which is convengence.
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Slice quaternionic analysis

Slice analysis study two classes of functions:

e Weak slice regular functions (Gentili and Struppa, Adv. Math.,
2007):
e Certain functions which are holomorphic in each slice (C,, I € S).
® Denote by WSR(R), Q C H.

e Strong slice regular functions (Ghiloni and Perotti, Adv. Math.,
2011, for studying slice analysis in alternative algebras case):
® Induced by a holomorphic stem function.
® Denote by SSR(Q), Q C H.
® Holomorphic stem functions: A kind of vector-valued
holomorphic functions in complex analysis.
® Many properties of SSR(Q) are induced by holomorphic stem
functions.

° SSR(Q) C WSR(Q).
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Slice quaternionic analysis

Representation formula for WSR(Q): To find a stem function for a
fixed weak slice regular funcion.

® Caseof Q= B(0,R):={g € H:|q| < R} (Gentili and Struppa, 2007, Adv.
Math.).

e Case of Q C H being symmetric (Colombo, Gentili, Sabadini, Struppa, 2009,
Adv. Math.).

® Case of Q C H being non-symmetric (Dou, Ren, Sabadini, accepted by JEMS).

® The representation formula may not hold when Q is not
symmetric. For example: a weak slice regular extension of

F(z):=y/z—%:(0,+00) + 5 — R, where J €S.

® Arevised formula, called the path-representation formula, hold
for this case.

® To prove path-representation formula, we need introduce a new
topolopy, called the slice topolopy.

® Many result in complex anslysis can be extended to weak slice analysis by
(path-)representation formula.
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Generalized slice analysis

e Weak slice analysis:

® |n one variable (on non-symmetric domains): Case of Clifford
algebra Ch (e.g. quaternions H = Cl ), octonions Q.

* |n several variable: on symmetric domains in the weak slice
cone OF (a subset of the strong slice cone Q").

e Strong slice analysis:

® |In one/several variable: on symmetric domains in the quadratic
cone (strong slice cone) Q}, where Ais a real alternative
x-algebra (e.g. Cln e, O).

e Our work: Extend weak slice analysis in several variables to

* A case of R??, which includes real alternative x-algebras and
Cayley-Dickson algebras (e.g. sedenions G).

® Our weak slice regular functions are defined on non-symmetric
domains in weak slice cones (a subset of strong slice cones).
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Slice topology

e Slice topology:

s(H) :={Q CcH:Q,e7(C), VIeS}.

* We call connected sets in 7, slice-connected sets. We also call
domains in 7, slice-domains, etc.
o 7(H) C 75(H).
® Example: Q € 75(H)\7(H). Here fixed / € Sy, and define

Q:=[]Ja,

Jes
2 ¥
Q,— {xX+yJeCy:x"+ dst(J.C)E <1}, J # 4,
{x+yJeCy:x*+y? <1}, J=+l
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Weak slice regular functions

Definition (Gentili and Struppa, Adv. Math., 2007)

A function f : Q € 75(H) — H is called weak slice regular, if for each
I € Sy, f; := f |q, is I-holomorphic, i.e. f; is real differentable and

1 /0

0
R Y = | € Q.
2<8x+16y>f'(x+yl) 0, Vx + yl € Q

* |tis easy to check that g"ap|c, is I-holomorphic.

* Itimplies thatif > _ g"a is convergence, then
> nen 9"@n € WSR(Q).
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Representation Formula

e Q C His called symmetric, if Q = Q, where

Q:= J x+ys.

x+yleQ

Theorem (Colombo, Gentili, Sabadini, Struppa, Adv. Math.,

2009)

(Representation Formula) Let Q C H is a symmetric slice-domain, and f : Q — H be
weak slice regular. Then

fx+ylh)=@1,NF(x,y), Vx + yl € Q

L 1 U - f(x+yJ1)
Fixy) = (1 Jg) (f(x+y./2)
is independent of the choice of Ji, J> € Su with Ji # Jo. F is called the stem function of
f.

where

v

® The value of f is decided by two holomorphic functions £, and .
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Path-representation Formula

e For any path v in C and J € Sy, define
v i=Py01,

where P, : C — Cy, x+yi — x+ yJ,Vx,y € R.

Theorem (Dou, Ren, Sabadini, accepted by JEMS)

(Path-reprentation Formula) Let f : Q € 75(H) — H be weak slice regular, ~ be
a path in C with v(0) € R. If there are Ji, J» € Sy with J; # J» and
v, y® C Q, then

foy'=(1,NF(v), VIeSgwithy' cQ,

1
(1 Y fo*y"1
F(’Y) = (1 J2) (fO’YJ2>

is independent of choice of J1,Jo € Sy. F is called a path-stem function of f.

where
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Strong slice regular functions

In 2011, Ghiloni and Perotti study SSR(2), when Q is symmetric.

e Areal finite dimensional alternative algebra Ais called a real
alternative x-algebra, if there is an imaginary unitin A, i.e.

@ #Sa={lcA:P=-1}.

® The quadratic cone of A:

QA = U (C/.

1€SH

® Let Q be a symmetric domain in Q4. Then f: Q — Ais called strong
slice regular if there is a (stem function) F : Qs — A2%" such that

f(x+ylh)=0,NF(x,y), Vx 4yl € Q
and F is holomorphic, i.e.

1 0 -1\ 9
2(ax+(1 )ay)F—o'

where Qs == {(x,y) € R?: 3/ € Sp, s.t. x + yl € Q}.

Xinyuan Dou (CAS) Weak slice regular functions August 20, 2022 13/29



Strong slice regular functions

® SSR(Q) = WSR(Q) when Q is a symmetric domain in Qa.
® Ghiloni and Perotti prove that the part of SSR(Q) C WSR(Q).
® When Ais octonions or Clifford algebra Ch .
® SSR(2) D WSR(Q) holds directly by representation formula.
® Representation formula does not hold for general case, since

Ji — J> may not be inverse, so is <1 j)
2
® However, representation formula also holds when J; = —ds.
® |t also enough to prove that SSR(Q) D WSR(RQ).

e We would like to study WSR(2) when Q be non-symmetric.
® We can not choice J; to be —Js, since Q is not symmetric.

® J; — J» may not be inverse.
® We will use Moore-Penrose inverse.
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Strong slice regular functions in several variables

e Ghiloni and Perotti (Math. Z., 2022) study a class of strong slice
regular functions SSR(Q2) on Q} := (Qa)", where A'is a real
alternative x-algebra.

* In case of n =2, a strong slice regular function f : Q(C Q3) — A
and its stem function F : Qs(C C2) — A2 <1 satisfying

fxa +yilxe + yod) = (1, LI I)F(xa + yii % + yoi) - (1)
Here the stem function F is holomorphic, i.e.

1§ 5X1+U13y F(X1+}/1IX2+y21)—0
3 (o T o2y ) FOa +yi, e + yei) = 0,

—1

where
—1
01 = =

e Example: qf‘ q§2 gl e SSR(Q), where b € A.
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Strong slice regular functions in several variables

e The class of strong slice regular functions is not unique, if we
do not consider the holomorphy of f on slice C; x C,.
® For example, if we replace (1) with

f(X1 + W1 I,X2 —|—y2J) = (1,/, J,JI)F(X1 —|—y1i,X2 —|—y21)

And gain a class of strong slice regular functions, denoted by
SSR1(Q). Then

GG € SSR(VD\SSR1(Q),  qai € SSR1(Q)\SSR(Q).

e When A = 0, Dou, Ren, Sabadini and Yang (JGA, 2021) study a
class of functions which is holomorphicon C; x C;, V I € Sy, i.e.
weak slice regular functions WSR(Q2), where Q is a symmetric
slice-open setin

03 =(Q)i=JCixc, &= cxcy
/ESA /,JESA

We call (Qa)7 weak slice cone and Qj strong slice cone.
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Strong slice regular functions in several variables

¢ If A= O (for general real alternative algebra Ais similar) then
SSR(Q)|(auz = WSR (Qanz) -

® Here SSR(Q) and WSR(Q) are both only studied when Q is
symmetric.
e We want to study slice regular functions defined on some
non-symmetric set .
*® |tis hard to find a ‘good’ class of ‘holomorphic’ functions defined
on C; x Cy x Ck. So we also study weak slice regular functions
defined on a slice-open set on weak slice cone, e.g. (Qa)".
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Weak slice cone

e We replace real alternative «-algebra A with R?" and study
WSR(RQ) in this case, (see Dou, Ren, Sabadini,
arXiv:2011.13770).

® A set of complex structures:
CC{leEnd(R®): P = —idgen}.

with C = —C.
® Weak slice cone:

we = c [End (R*")]°.
leC

® Slice topology:
T(Wg) = {QCW:Q,ET(C?)}.

e Remark: In case of real alternative x-algebra A, C corresponds
Sa,and W¢ corresponds (Qa)?2.
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Weak slice cone

e Our theory covers not only the real alternative x-algebra case,
but also someother algebras called left slice complex structure
algebras, LSCS algebras for short.

* A real finite-dimensional unital algebra A # {0} is called an LSCS
algebra for short, if there is b € A such that L, is a complex
structure on A.

® Herel,: A— A x+— bx.
® Certain real left alternative algebras are LSCS algebra.

® Real alternative x-algebras are in this case, which includes Clifford

algebras (e.g. complex numbers, quaternions, split-quaternions)
and octonions.

Moreover, Cayley-Dickson algebras A,, ¢ > 0 are LSCS algebras.
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Weak slice cone

e |n LSCS algebras case, we set

C=Cp:={Lp:be A (Lp)? = —ids}.

o |f Ais left alternative, then by LoL,; = L,
Ca={La:acA &=-1}={L,:acSu}.
® |n case of sedenions G,
Cs ={a+ beg €Ss : a,b € Owith ab = ba}

e f:Qers (WY) — R?is called weak slice regular, if

1 0 0
2<m+'m)f(x+y')_0’ Vx+yleQ,

(=1,2,...d.
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Weak slice cone

e By similar method for the case of one quaternionic variable,
many results holds:
* (Splitting Lemma) Let Q € 75 (WZ). f: Q — R2" is weak slice
regular if and only if for any / € C and I-basis {¢1, ...., £}, there
are n holomorphic functions Fy, ..., F, : Q; — C,, such that

n

fi="> (Fi&).

=1

¢ (Identity Principle) Let Q be a slice-domain in Wg, and
f,g:Q — R2" be weak slice regular. Then

® If Qr # @ and f, g coincide on a non-empty open subset of Qg,

then f=gon Q.
® If f, g coincide on a non-empty open subset of Q, for some / € C,
then f=gon Q.

(Also need similar method for the case of Of.)

August 20, 2022 PANDE)
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Moore-Penrose inverse

e For each A € End(R2")#x¢f = R2Mx20¢ denote by A* the
transpose of A € R2"x2 35 a real matrix.
® Forexample, letn=1,/=2and A= ( /> where [ = <1 _1).
Then

A*z(l* ):(/ ) and we denote AT := <I )

e Let J € End (R2")"", Then there is a unique matrix J* in
End (R2")"* (called the Moore-Penrose inverse of J) that
satisfies the Moore-Penrose conditions:
e JJTJ =, JrJdt =Jt.
o (W) =JdJt,  (JTI)T =JTU
e Fix a complex structure J in R?" with J*J = idgen. Then for each
complex structure / € C, we choose a fixed D; € End(R?") with

/= D/J(D/)_1 .
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Extension Lemma

o LetdJ = (Ji,...,Ji) € CK. Define

DJ1 J1
Dy = ' ,  diag(J) = 5 ,
Dy, Jk
and .y
1
(=1
1 J
o We call

¢T(J) = [Dy- (N7 Dy
the J-slice inverse of ((J).
e let/cCandJ=(J,...,Jk) € CK. Then
* N[(1, NI = [(1, N (I)]diag(J).
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Extension Lemma

e Forany Q c WY, define
2(C% = {~:]0,1] = CY, ~is a path s.t. 7(0) € RY};
9(@",9) — {5e 9(@0’) 3led, st 5’cQ},
and for each v € 22 (C%) we define
C(v,9Q) = {IGC:V’CQ}.

o LetJ = (J1,...,Jdk) € CK, Qc WZ and v € 2(CY, Q). We define

Crer(J) == {/ec ker(1,1) D ﬂker1 Jg}

and
C(Q777 J) = C(Q7’Y) N Cker(J)-
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Extension Lemma

(Extension Lemma) Let U € 7(C9), I € Cand J = (J4, ..., Jx) € CK. If
ge: Uk —R?", ¢ =1,..., k are holomorphic, then g[l] : U — R2"
defined by

glll(x +yh) = (1. D¢ (Ng(x + ),  Vx+yiel,

where

91(x + ydr)

9gx +yJ) = :

9k(X + yJ)
is holomorphic.
Moreover, if U := UNRY # @, gy = --- = gk on Ug and | € Cyer(J),
then

IN=g1=-=gc on Uk
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Key part of the proof
Foreach/e {1,....d}and x + yi e U,

% ((9‘?( + ;) glN(x + yh)

1/ 0 0

_ ! ((M + /zm> (1, N¢H(Dg(x + w)

3 <6x,_7 +Ji 8}’2) g1(X+yJ1)
—(1, )¢ () ‘ '

1 (a% + Jka%) k(X + ydk)

=(1,N¢" (V) : =0.
% <()X( + Jk()y ) gk(X+ka)

Hence g[/] is holomorphic. O
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Path-representation Formula

By similar method for the case of one quaternionic variable, we
have
Theorem (Main theorem)

(Path-representation Formula) Let Q € T4(WZ), v € 2(C9,Q),
J = (J1,do, ... Jk) € [C(7, Q)] and I € C(,Q, J). If f - Q — R2" js weak
slice regular, then

fory'=(1,)F(v,J),

where

F(v,J)=¢T(J)(for?), and for’:=
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Hyper-sigma-ball

¢ In quaternionic case, let | € Sy and a € H, then the domain of

convergence of the series
/ «2"
f(q) = [Z (a-3) ] a

(30)-{ Un (3 o) fUfre(31)] )

e However, in sedenionic case, let I = e; and a = e4 + 45, then
the domain of convergence is the hyper-o-ball:

funfe(a)oe (el lu{unfa(an])

where S = {(cosfe; + sinfez)(cosd + sinfeg) : § € [0,7)}.
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