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Plan of the talk:

@ Quantization commutes with reduction
(Guillemin-Sternberg)

@ Geometric quantization on CR manifolds
(Hsiao-Ma-Marinescu)

@ Geometric quantization on complex manifolds with
boundary (Hsiao-Huang-Li-S.)
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1. Quantization commutes with reduction
(Guillemin-Sternberg)
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@ A compact symplectic manifold (M,w) plays the role of the
phase space of a classical mechanical system.
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Geometric quantization

@ A compact symplectic manifold (M,w) plays the role of the
phase space of a classical mechanical system.

@ In 1960's, Kostant and Souriau introduced geometric
quantization which gives a geometric method to properly
quantize classical mechanical systems.
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Geometric quantization

@ A compact symplectic manifold (M,w) plays the role of the
phase space of a classical mechanical system.

@ In 1960's, Kostant and Souriau introduced geometric
quantization which gives a geometric method to properly
quantize classical mechanical systems.

@ To quantize a compact symplectic manifold, i.e., to associate
a Hilbert space H, we need a (prequantum) line bundle whose
first Chern form equals to the symplectic form.
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Geometric quantization

@ A compact symplectic manifold (M,w) plays the role of the
phase space of a classical mechanical system.

@ In 1960's, Kostant and Souriau introduced geometric
quantization which gives a geometric method to properly
quantize classical mechanical systems.

@ To quantize a compact symplectic manifold, i.e., to associate
a Hilbert space H, we need a (prequantum) line bundle whose
first Chern form equals to the symplectic form.

o (L, ht, VL) a complex line bundle over M equipped with a
Hermitian metric A and a Hermitian connection V% such that

V-1

27
L is called the prequantum line bundle on (M,w).

Rt=w,  where RL:=vVioVE
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large to handle.

o If we take H = L?(M, L), the L?-completion of the square
integrable sections of L with respect to ht, then # is too
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Kahler quantization

o If we take H = L2(M, L), the L2-completion of the square
integrable sections of L with respect to ht, then H is too
large to handle.

@ One way is to introduce the “Kahler polarization” to cut down
the dimensions of .
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Kahler quantization

o If we take H = L2(M, L), the L2-completion of the square
integrable sections of L with respect to ht, then H is too
large to handle.

@ One way is to introduce the “Kahler polarization” to cut down
the dimensions of .

o Let (M,w,J) be Kahler, J the complex structure map of M,
w and J are compatible,

i.e. w(,J) is positive definite and L is holomorphic.
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Kahler quantization

o If we take H = L2(M, L), the L2-completion of the square
integrable sections of L with respect to ht, then H is too
large to handle.

@ One way is to introduce the “Kahler polarization” to cut down
the dimensions of .

o Let (M,w,J) be Kahler, J the complex structure map of M,
w and J are compatible,

i.e. w(,J) is positive definite and L is holomorphic.
@ The quantization of (M,w, J) is defined as
HO(M, L) := {ue C®(M,L);0u =0},

the space of holomorphic sections of the prequantum line
bundle L.
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Kahler quantization

@ We can construct a correspondence between smooth objects
on M (classical observables) and operators on Ho(M, L)
(quantum observables) by letting Planck’s constant tend to
zero.
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Kahler quantization

@ We can construct a correspondence between smooth objects
on M (classical observables) and operators on Ho(M, L)

(quantum observables) by letting Planck’s constant tend to
zero.

@ Changing Planck's constant is equivalent to rescaling the

Kahler form which is achieved by taking high tensor powers
Lm.
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Kahler quantization

@ We can construct a correspondence between smooth objects
on M (classical observables) and operators on Ho(M, L)
(quantum observables) by letting Planck’s constant tend to
zero.

@ Changing Planck's constant is equivalent to rescaling the

Kahler form which is achieved by taking high tensor powers
Lm.

@ The orthogonal projection on H%(M, L™) palys a crucial role
in the correspondence.
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Quantization of G-Kahler manifolds

@ One may further consider a compact Kahler manifold with
prequantum data and a nice G-action, where G is a compact
Lie group with Lie algebra g.
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Quantization of G-Kahler manifolds

@ One may further consider a compact Kahler manifold with
prequantum data and a nice G-action, where G is a compact
Lie group with Lie algebra g.

@ Assume that G acts on M, and that the action lifts on L and
commutes with J, ht, VL,
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Quantization of G-Kahler manifolds

@ One may further consider a compact Kahler manifold with
prequantum data and a nice G-action, where G is a compact
Lie group with Lie algebra g.

@ Assume that G acts on M, and that the action lifts on L and
commutes with J, ht, VL,

@ Then w:= —Vz;lRL is a G-invariant form.
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Quantization of G-Kahler manifolds

@ One may further consider a compact Kahler manifold with
prequantum data and a nice G-action, where G is a compact
Lie group with Lie algebra g.

@ Assume that G acts on M, and that the action lifts on L and
commutes with J, ht, VL,

@ Then w:= —VZ;IRL is a G-invariant form.

o For & € g, let &y be the vector field on M generated by £.
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Quantization of G-Kahler manifolds

@ One may further consider a compact Kahler manifold with
prequantum data and a nice G-action, where G is a compact
Lie group with Lie algebra g.

@ Assume that G acts on M, and that the action lifts on L and
commutes with J, ht, VL,

Then w = —VZ;IRL is a G-invariant form.

For € € g, let £ be the vector field on M generated by &.

@ i : M — g* the moment map induced by w is defined by

tegyw = d(, &) forall ¢ eg.
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@ Assume that 0 € g* is regular and G acts on p~1(0) freely.

it
N



Quantization commutes with reduction
Geometric quantization on CR manifolds
Geometric quantization on complex manifolds with boundary

Quantization commutes with reduction

o Assume that 0 € g* is regular and G acts on i ~1(0) freely.

@ The symplectic reduction of M by G is defined to be
Mg := u=*(0)/G

@ One can construct pre-quantum data (Lg, Vg, hé) on Mg
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Quantization commutes with reduction

o Assume that 0 € g* is regular and G acts on i ~1(0) freely.

@ The symplectic reduction of M by G is defined to be
Mg := u=*(0)/G
@ One can construct pre-quantum data (Lg, Vg, hé) on Mg

@ When M is Kahler, J on M induces a complex structure Jg
on the Kahler manifold (Mg, wg, Jg ) for which the line
bundle Lg := L/G is a holomorphic line bundle over Mg.
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Quantization commutes with reduction

o Assume that 0 € g* is regular and G acts on i ~1(0) freely.

@ The symplectic reduction of M by G is defined to be
Mg := u=*(0)/G
@ One can construct pre-quantum data (Lg, Vg, hé) on Mg

@ When M is Kahler, J on M induces a complex structure Jg
on the Kahler manifold (Mg, wg, Jg ) for which the line
bundle Lg := L/G is a holomorphic line bundle over Mg.

@ Guillemin-Sternberg conjecture:

quantization

(/\/I,L) _ HO(/\/I, L’")
lreduction lreduction

quantization 0 0 c
(M,Lg) ————— H(Mg,LE)~ H°(M,L™)
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Quantization commutes with reduction

Theorem ([Q, R]=0, Guillemin-Sternberg (1982))

dim HO(M, L™)¢ = dim Ho(Mg, LT).
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Quantization commutes with reduction

Theorem ([Q, R]=0, Guillemin-Sternberg (1982))

dim HO(M, L™)¢ = dim Ho(Mg, LT).

@ Guillemin-Sternberg proved the case that M is Kahler and
raised the problem in a more general setting.
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Quantization commutes with reduction

Theorem ([Q, R]=0, Guillemin-Sternberg (1982))

dim HO(M, L™)¢ = dim Ho(Mg, LT).

@ Guillemin-Sternberg proved the case that M is Kahler and
raised the problem in a more general setting.

@ For G abelian, Meinrenken (1996) and Vergne (1996).
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Quantization commutes with reduction

Theorem ([Q, R]=0, Guillemin-Sternberg (1982))

dim HO(M, L™)¢ = dim Ho(Mg, LT).

@ Guillemin-Sternberg proved the case that M is Kahler and
raised the problem in a more general setting.

@ For G abelian, Meinrenken (1996) and Vergne (1996).

e For general G, Meinrenken, Meinrenken-Sjamaar (1998),
symplectic cut techniques of Lerman.
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Quantization commutes with reduction

@ Pure analytic approach by Tian-Zhang (1998), analytic
localization techniques by Bismut-Lebeau.
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Quantization commutes with reduction

@ Pure analytic approach by Tian-Zhang (1998), analytic
localization techniques by Bismut-Lebeau.

@ Non-compact symplectic manifold case (Vergne's conjecture)
by Ma-Zhang (2014).
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Quantization commutes with reduction

@ Pure analytic approach by Tian-Zhang (1998), analytic
localization techniques by Bismut-Lebeau.

@ Non-compact symplectic manifold case (Vergne's conjecture)
by Ma-Zhang (2014).

e For R% non-degenerate and m large (more on CR manifold),
Hsiao-Huang (2021).
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o Let X be the circle bundle of (L*, ht"), i.e.

X = {v €Ly |v|iL* = 1}.
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o Let X be the circle bundle of (L*, ht"), i.e.

X = {v €Ly |v|iL* = 1}.

@ X is a compact strongly pseudoconvex CR manifold with a
group action G.
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CR viewpoint

o Let X be the circle bundle of (L*, ht"), i.e.

X::{VGL*; v]iL* :1}.

@ X is a compact strongly pseudoconvex CR manifold with a
group action G.

o X admits a S action e?: e o (z,\) ;= (z,e")), where X
denotes the fiber coordinate of X.
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CR viewpoint

o Let X be the circle bundle of (L*, ht"), i.e.

X::{VGL*; v],%L* :1}.

@ X is a compact strongly pseudoconvex CR manifold with a
group action G.

o X admits a S action e?: e o (z,\) ;= (z,e")), where X
denotes the fiber coordinate of X.

o H2(X)C: the space of the G-invariant L2 CR functions.
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CR viewpoint

@ For every me Z, let
Hy, 0 (X)¢ = {u € H2(X)®; () u=e™ u,for every e’ ¢ 51}

Htgm(Xc;) = {u € HA(Xg); (e") u=e™u,for every e ¢ 51} .

o HP(X)® := @ZHé’,m(X) HP(X6) = @ZHé)m(Xc)
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CR viewpoint

@ For every me Z, let
Hy, 0 (X)¢ = {u € H2(X)®; () u=e™ u,for every e’ ¢ 51}
Htgm(Xc;) = {u € Ht?(XG )E (eie)*u = ey for every e'? € 51} )

o HP(X)® := GBZHé’,m(X) HP(X6) = @ZHé)m(Xc)

o Grauert: For every m € Z,

HOM,L™)® = HY(X)C, H(Mg, LE) = HY (X )-
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CR viewpoint

@ For every me Z, let
ngm(X)G = {u e HA(X)®; (e)*u=e™u,for every e’ € 51}
Htgm(Xc;) = {u € HA(Xg); (e") u=e™u,for every e ¢ 51} .

o HJ(X)¢ = @ZHé’,m(X)Gv HP(Xg ) = @ZHE,m(Xc)'
me me

o Grauert: For every m € Z,
HO(M,L™)¢ = HY (X)), HO(Mg, LE) = Hp m(Xc )

@ From Guillemin-Sternberg theorem,

Hl?,m(X )€ = Hﬁm(Xc ), forevery me€ Z.
HRA(X)C = HY(Xq).
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CR viewpoint

@ Can we generalize Guillemin-Sternberg theorem to general
compact CR manifolds?

This generalization is improtant in CR, contact and Sasakian
geometry.
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CR viewpoint

@ Can we generalize Guillemin-Sternberg theorem to general
compact CR manifolds?

This generalization is improtant in CR, contact and Sasakian
geometry.

o 1 ~1(0) should determine H°(M, L)®.

Does Guillemin-Sternberg theorem holds when L is just
positive near y~1(0)?
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CR viewpoint

@ Can we generalize Guillemin-Sternberg theorem to general
compact CR manifolds?

This generalization is improtant in CR, contact and Sasakian
geometry.

o 1 ~1(0) should determine H°(M, L)®.

Does Guillemin-Sternberg theorem holds when L is just
positive near y~1(0)?

@ But the quantum spaces consisting of CR functions and are
infinite dimensional.
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CR viewpoint

@ Can we generalize Guillemin-Sternberg theorem to general
compact CR manifolds?

This generalization is improtant in CR, contact and Sasakian
geometry.

o 1 ~1(0) should determine H°(M, L)®.

Does Guillemin-Sternberg theorem holds when L is just
positive near y~1(0)?

@ But the quantum spaces consisting of CR functions and are
infinite dimensional.

@ Hsiao, Ma and Marinescu (2019) use Szegé kernel method
and G-invariant microlocal Fourier integral operator
calculation to tackle the problem.
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2. Geometric quantization on CR manifolds
(Hsiao-Ma-Marinescu)
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@ X: a smooth orientable manifold of dimension 2n+1, n > 1.

T10X: a subbundle of the complexified tangent bundle CTX.
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CR manifolds

@ X: a smooth orientable manifold of dimension 2n+1, n > 1.

T10X: a subbundle of the complexified tangent bundle C TX.

We say that T10X is a CR structure of X if

(i) dim¢ T,d®X = n, for every x € X.

(i) THOX N TOLX = {0}, where TOLX := T 10X,

(i) W, V] CV, V=C>®(X, THOX).
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CR manifolds

@ X: a smooth orientable manifold of dimension 2n+1, n > 1.
T10X: a subbundle of the complexified tangent bundle C TX.

We say that T10X is a CR structure of X if

(i) dim¢ T,d®X = n, for every x € X.

(i) THOX N TOLX = {0}, where TOLX := T 10X,

(i) W, V] CV, V=C>®(X, THOX).

If we can find a CR structure T 19X on X, we call the pair
(X, T10X) a CR manifold.
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the orthogonal decomposition:

@ Take a Hermitian metric (-|-) on CTX such that we have
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CR man

@ Take a Hermitian metric (-|-) on CTX such that we have
the orthogonal decomposition:

o CTX=TWXTOX®CT, Te Cx(X, TX), IT| =1,
where T: Reeb vector field.
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CR manifolds

e Take a Hermitian metric (-|-) on CTX such that we have
the orthogonal decomposition:

o CTX = TWX @ TOX@CT, T € C¥(X, TX), |

=1
where T: Reeb vector field.

o CT*X = T*10X @ T*01X @ Cwy, wo € C(X, T*X),
where T*%1X: bundle of (0,1) forms and wy: Reeb one form.

(wo, Ty=-1, T*OX=(TXaCT)"
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Levi form

Definition

For p € X, the Levi form L, is the Hermitian quadratic form on
T,}’OX given by

1 —
Lp(U, V) = —-du(p)(U. V), U,V e T,0X.
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Levi form

Definition

For p € X, the Levi form L, is the Hermitian quadratic form on
1,0y .
T, X given by

1 —
Lp(U, V) = —-du(p)(U. V), U,V e T,0X.

@ We say that X is strongly psudoconvex at p € X if the Levi
form is positive definite at p € X.
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Levi form

Definition

For p € X, the Levi form L, is the Hermitian quadratic form on
1,0y .
T, X given by

1 —
Lp(U, V) = —-du(p)(U. V), U,V e T,0X.

@ We say that X is strongly psudoconvex at p € X if the Levi
form is positive definite at p € X.

@ We say that X is strongly psudoconvex if the Levi form is
positive definite at each point of X.

Guokuan Shao Geometric quantization on complex manifolds with boundary



«0O» «Fr «=» « Q>

o Let 7: CT*X — T*%1X be the orthogonal projection.
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CR func

o Let 7: CT*X — T*%1X be the orthogonal projection
@ Tangential Cauchy-Riemann(CR) operator,

Op=Tod:C®(X)— Q% (X)
where Q%1(X ) = (X, T*%1X).
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CR functions

o Let 7: CT*X — T*%1X be the orthogonal projection.

@ Tangential Cauchy-Riemann(CR) operator,
Op=Tod:C®(X)— Q% (X)
where Q01(X ) = C>(X, T*%1X).
e We extend J, to L? space:
dp : Domdp C L2(X) — LT 1y(X),
where Dom 8y, = {u € L3(X); Opu € L*(X)}.
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CR functions

o Let 7: CT*X — T*%1X be the orthogonal projection.

@ Tangential Cauchy-Riemann(CR) operator,
Op=Tod:C®(X)— Q% (X)
where Q01(X ) = C>(X, T*%1X).
e We extend J, to L? space:
dp : Domdp C L2(X) — LT 1y(X),
where Dom 8y, = {u € L3(X); Opu € L*(X)}.

o For u € [2(X), we say that u is a CR function if u € Ker dp,.
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CR functions

o Let 7: CT*X — T*%1X be the orthogonal projection.
@ Tangential Cauchy-Riemann(CR) operator,
Op=Tod:C®(X)— Q% (X)

where Q01(X ) = C>(X, T*%1X).

e We extend J, to L? space:
dp : Domdp C L2(X) — LT 1y(X),

where Dom 8y, = {u € L3(X); Opu € L*(X)}.

o For u € [2(X), we say that u is a CR function if u € Ker dp,.

o If X is strongly pseudoconvex at some point of X
and 0, has L? closed range, then dim Ker 0, = 400
(Boutet de Monvel-Sjéstrand, Hsiao-Marinescu).
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dimension 2n+1, n > 2.

o Let (X, T19X) be a compact connected CR manifold of
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CR manifolds with Lie group action

o Let (X, T10X) be a compact connected CR manifold of
dimension 2n+1, n > 2.

@ Now, we assume that

e X admits a d-dimensional compact Lie group G action with
Lie algebra g.
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CR manifolds with Lie group action

o Let (X, T10X) be a compact connected CR manifold of
dimension 2n+1, n > 2.

@ Now, we assume that

e X admits a d-dimensional compact Lie group G action with
Lie algebra g.

e The Lie group action G preserves wy and CR structure. i.e.,

gfwo=wo and dg(T™°X)=T1X, VvgeaG.
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CR manifolds with Lie group action

o Let (X, T10X) be a compact connected CR manifold of
dimension 2n+1, n > 2.

@ Now, we assume that

e X admits a d-dimensional compact Lie group G action with
Lie algebra g.

e The Lie group action G preserves wy and CR structure. i.e.,
gfwo=wo and dg(T™°X)=T1X, VvgeaG.

o Goal: Study H2(X )®: the space of global G-invariant L2 CR
functions.

Guokuan Shao Geometric quantization on complex manifolds with boundary



Quantization commutes with reduction
Geometric quantization on CR manifolds
Geometric quantization on complex manifolds with boundary

CR momentum map

The momentum map associated to the form wq is the map
X — g such that, for all x € X and £ € g, we have

(u(x), &) = wo(éx(x)),

£ € g, &x : the vector field on X induced by &.
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CR momentum map

The momentum map associated to the form wq is the map
X — g such that, for all x € X and £ € g, we have

(u(x), &) = wo(éx(x)),

£ € g, &x : the vector field on X induced by &.

0 is a regular value of u, G acts on u=1(0) freely and the Levi form
of X is positive definite near ;1~1(0).
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CR momentum map

The momentum map associated to the form wq is the map
X — g such that, for all x € X and £ € g, we have

(u(x), &) = wo(éx(x)),

£ € g, &x : the vector field on X induced by &.

0 is a regular value of u, G acts on u=1(0) freely and the Levi form
of X is positive definite near ;1~1(0).

@ X is not necessarily strongly pseudoconvex.
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o Let X = {(z1,22,23) € €3, [a* + |=of* + |5 = 1.

Then X is a weakly pseudocovex CR manifold.
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Exampl

o Let X = {(z1,22,3) € C3; |z1|* + |2)* + |z|* = 1}

Then X is a weakly pseudocovex CR manifold
e X admits a S'-action:

e o (21, 22,23) = (e‘iezl, emZz, ei923).
0 is a regular value of .
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Example

al* + |z + |z|* = 1}.

o Let X = {(z1, 2, z3) € C3;

Then X is a weakly pseudocovex CR manifold.

e X admits a Sl-action:

eieo(zl,22,23) = (e‘i o

0 0

71,e"%z,e'"z3).

0 is a regular value of p.
o u7H0) = {(z1,22,z3) € C3; |z1|* = L, | + |zs* = 2}.

Then X is strongly pseudoconvex near ;1 ~1(0).
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o The space X := u~*(0)/G is called the CR reduction.
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CR reduction

@ The space Xg := 11~ 1(0)/G is called the CR reduction.

Theorem (Hsiao-Huang, Hsiao-Ma-Marinescu)

Xg is a strongly pseudoconvex CR manifold of dimension
2n — 2d + 1 with natural CR structure T ¥°X¢ induced from
TLO0X.
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CR reduction

@ The space Xg := 11~ 1(0)/G is called the CR reduction.

Theorem (Hsiao-Huang, Hsiao-Ma-Marinescu)

Xg is a strongly pseudoconvex CR manifold of dimension
2n — 2d + 1 with natural CR structure T ¥°X¢ induced from
TLO0X.

o Question: Is H?(X )¢ = H2(X¢ )?
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Canonical map o¢

e ¢ 1(0) — X: the natural inclusion.
F 1 C®(X) — C®°(u~1(0)): the pull-back by .
LG 1 C®°(p1(0))¢ — C*=(Xg ): the natural identification.

oG =10t HY(X)®NC>®(X)C — HY(Xs)NC=(Xe).

Guokuan Shao Geometric quantization on complex manifolds with boundary
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Canonical map o¢

e ¢ 1(0) — X: the natural inclusion.
F 1 C®(X) — C®°(u~1(0)): the pull-back by .
LG 1 C®°(p1(0))¢ — C*=(Xg ): the natural identification.

oG =10t HY(X)®NC>®(X)C — HY(Xs)NC=(Xe).

@ The map o¢ does not extend to a bounded operator on L2.
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Canonical map o¢

e ¢: u~1(0) — X: the natural inclusion.
F 1 C®(X) — C®°(u~1(0)): the pull-back by .
LG 1 C®°(1~1(0))¢ — C*®(Xg ): the natural identification.
oG =10t HY(X)®NC®(X)® — HA(Xs)NC>(Xq).
@ The map o¢ does not extend to a bounded operator on L2.

@ It is necessary to consider its extension to Sobolev spaces.
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@ For every s € R, put

H=*(X): Sobolev space of X of order s.
HA(X)¢ == {ue H*(X); dpu =0, h*u=u, Vh e G}.
HY(Xg)s == {u € H5(Xg); Opu = 0}.
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Canonical map o¢

o For every s € R, put
H=*(X): Sobolev space of X of order s.
H2(X )¢ :={ue HS(X); Opu=0, h*u=u,Vhe G}.
H2(Xg )s := {u € H*(Xg ); Opu = 0}.

Theorem (Hsiao-Ma-Marinescu (2019))

Suppose that 51,7 Xc has L? closed range and the Levi form is
positive definite near ;. ~1(0).

@ o¢ extends by density to a bounded operator

TE = T Hbo(X )SG — Hbo(XG )s_d, foreveryseR.
7

v
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Geometric quantization on CR manifolds

Theorem I (Hsiao-Ma-Marinescu (2019))

Suppose that 51,7 Xc has L2 closed range and the Levi form is
positive definite near ;1 ~*(0).

o For every s € R, the map o¢ s is Fredholm.

o Kerogs and (Imog s )+ are finite dimensional subspaces of
C=(X)NH2(X)C and C*(Xs ) N H2(Xg ), respectively.

e Kerog s and the index dimKer o s — dim (Imog ¢ )t are
independent of s.
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Geometric quantization on CR manifolds

@ Theorem I establishes “quantization commutes with
reduction” for some contact manifolds.

Guokuan Shao Geometric quantization on complex manifolds with boundary



Quantization commutes with reduction
Geometric quantization on CR manifolds
Geometric quantization on complex manifolds with boundary

Geometric quantization on CR manifolds

@ Theorem I establishes “quantization commutes with
reduction” for some contact manifolds.

o If dim X¢g > 5 or X admits a transversal CR R-action
or X is a circle bundle, then 0 x. has L2 closed range.
(Kohn, Yeganefar-Marinescu).
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Geometric quantization on CR manifolds

@ Theorem I establishes “quantization commutes with
reduction” for some contact manifolds.

o If dim X¢g > 5 or X admits a transversal CR R-action
or X is a circle bundle, then 0 x. has L2 closed range.
(Kohn, Yeganefar-Marinescu).

@ Let Sx. be the orthogonal projection onto CR functions on
Xe (Szegd projection).
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Geometric quantization on CR manifolds

@ Theorem I establishes “quantization commutes with
reduction” for some contact manifolds.

o If dim X¢g > 5 or X admits a transversal CR R-action
or X is a circle bundle, then 0 x. has L2 closed range.
(Kohn, Yeganefar-Marinescu).
@ Let Sx. be the orthogonal projection onto CR functions on
Xe (Szegd projection).
@ There is a pseudodifferential operator E on X of order —%
such that
0:=Sx, 0 Eoog: HY(X)® = H2(X¢s)

is Fredholm.
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Applications: Complex manifolds

Theorem (Hsiao-Ma-Marinescu, application to circle bundles)

Suppose that R* is positive near u=1(0). Then, for m large,

dim HO(M, L™)¢ = dim HO(Mg, LT).
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Applications: Complex manifolds

Theorem (Hsiao-Ma-Marinescu, application to circle bundles)

Suppose that RL is positive near 1 =1(0). Then, for m large,

dim HO(M, L™)¢ = dim HO(Mg, LT).

e For (0, g)-forms, Hsiao-Huang generalize Guillemin-Sternberg
theorem to RL nondegenerate case.
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Applications: Complex manifolds

Theorem (Hsiao-Ma-Marinescu, application to circle bundles)

Suppose that RL is positive near 1 =1(0). Then, for m large,

dim HO(M, L™)¢ = dim HO(Mg, LT).

e For (0, g)-forms, Hsiao-Huang generalize Guillemin-Sternberg
theorem to RL nondegenerate case.

Theorem (Hsiao-Huang)

Assume that R has q negative eigenvalues and n — q positive
eigenvalues and R L|MG has q — r negative eigenvalues and
n— d — q + r positive eigenvalues. Then, for m large,

dim HI(M, L™)® = dim H9~" (Mg, LZ).
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3. Geometric quantization on complex manifolds with
boundary (Hsiao-Huang-Li-S.)
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o Let M’ be a complex manifold of dim¢ M’ = n.
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Complex manifolds with boundary

@ Let M’ be a complex manifold of dimc M’ = n.

@ Let M C M’ be a relatively compact open subset with smooth
boundary X.

Guokuan Shao Geometric quantization on complex manifolds with boundary



Quantization commutes with reduction
Geometric quantization on CR manifolds
Geometric quantization on complex manifolds with boundary

Complex manifolds with boundary

@ Let M’ be a complex manifold of dimc M’ = n.

@ Let M C M’ be a relatively compact open subset with smooth
boundary X.

@ Then X is a CR manifold with a natural CR structure
THX = THM'|x NCTX,

where THOM’ denotes the holomorphic tangent bundle of M.
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Complex manifolds with boundary

@ Let M’ be a complex manifold of dimc M’ = n.

@ Let M C M’ be a relatively compact open subset with smooth
boundary X.

@ Then X is a CR manifold with a natural CR structure
THX = THM'|x NCTX,

where THOM’ denotes the holomorphic tangent bundle of M.

@ Take a Hermitian metric (-|-) for M’. Then (-|-) induces by
duality a Hermitian metrics on CT*M’ and on A9T*01 M7
We denote all these Hermitian metrics by (- |-).
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Complex manifolds with boundary

e Let p € C°(M’,R) be a defining function of X, that is,
X ={xe M’ p(x)=0}, M={xeM’; p(x) <0}
and dp(x) # 0 at every point x € X such that
(dp(x)|dp(x)) =1, Vxe X.
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Complex manifolds with boundary

e Let p € C°(M’,R) be a defining function of X, that is,
X ={xe M’ p(x)=0}, M={xeM’; p(x) <0}
and dp(x) # 0 at every point x € X such that
(dp(x)|dp(x)) =1, Vxe X.

o Put
0

wo=J(dp), T=1J (8/)) ,

where J is the complex structure map of M’.
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Complex manifolds with boundary

e Let p € C°(M’,R) be a defining function of X, that is,
X ={xe M’ p(x)=0}, M={xeM’; p(x) <0}
and dp(x) # 0 at every point x € X such that
(dp(x)|dp(x)) =1, Vx € X.
o Put
wo = J(dp) T=1J 9
0 — P) - 8p )
where J is the complex structure map of M’.

@ Thus, the Levi-form on X is exactly

Lo(U, V) = (90p(p), UNV), U,V e T}HOX.
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Holomorphic functions smooth up to the boundary

@ The Cauchy-Riemann operator
9:C%(M) = Q%1 (M),
c™>

where C®°(M ) := C>°(M’)|m and Q%(M) := Q%Y (M" )|y
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Holomorphic functions smooth up to the boundary

@ The Cauchy-Riemann operator
0:C®°(M) — Q¥Y(M),
where C°(M ) := C*>®(M")|p and QO1(M) := QO (M")|pm.
@ We extend 0 to L? space:
9:Domd C LA(M) — Lf, 1y (M),
where Dom 8 = {u € L3(M); du € [*(M)}.
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Holomorphic functions smooth up to the boundary

@ The Cauchy-Riemann operator
0:C®°(M) — Q¥Y(M),
where C°(M ) := C*>®(M")|p and QO1(M) := QO (M")|pm.
@ We extend 0 to L? space:
9:Domd C LA(M) — Lf, 1y (M),
where Dom 8 = {u € L3(M); du € [*(M)}.
® HY(M) :=Kerd = {u € Domd : 9u = 0}

the L2 closure of the space of holomorphic functions which are
smooth up to the boundary.
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Holomorphic functions smooth up to the boundary

@ The Cauchy-Riemann operator
0:C®°(M) — Q¥Y(M),
where C°(M ) := C*>®(M")|p and QO1(M) := QO (M")|pm.
@ We extend 0 to L? space:
9:Domd C LA(M) — Lf, 1y (M),
where Dom 8 = {u € L3(M); du € [*(M)}.
® HY(M) :=Kerd = {u € Domd : 9u = 0}

the L2 closure of the space of holomorphic functions which are
smooth up to the boundary.

@ The space H%(M ) could be infinite dimensional.
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Complex manifolds with group action

@ Now, we assume that

o M’ admits a d-dimensional connected compact Lie group G
action with Lie algebra g.
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Complex manifolds with group action

@ Now, we assume that

o M’ admits a d-dimensional connected compact Lie group G
action with Lie algebra g.

o The Lie group action G preserves wg := J(dp) and J. i.e.,

g wo=wo and g.J=Jg., Vgeaq.
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Complex manifolds with group action

@ Now, we assume that

o M’ admits a d-dimensional connected compact Lie group G
action with Lie algebra g.

o The Lie group action G preserves wg := J(dp) and J. i.e.,

g wo=wo and g.J=Jg., Vgeaq.

o Goal: Study H°(M )€ the L2 closure of the space of
G-invariant holomorphic functions which are smooth up to the
boundary.
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Complex manifolds with group action

@ Now, we assume that

o M’ admits a d-dimensional connected compact Lie group G
action with Lie algebra g.

o The Lie group action G preserves wg := J(dp) and J. i.e.,

g wo=wo and g.J=Jg., Vgeaq.

o Goal: Study H°(M )€ the L2 closure of the space of
G-invariant holomorphic functions which are smooth up to the
boundary.

@ Recall that H°(M )€ could be infinite dimensional.
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Momentum map

The momentum map associated to the form wq is the map
i M’" — g* such that, for all x € M’ and £ € g, we have

(1(x), &) = wo(Em~(x)),

£ eg, &y the vector field on M’ induced by &.
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Momentum map

The momentum map associated to the form wq is the map
i M’" — g* such that, for all x € M’ and £ € g, we have

(1(x), &) = wo(Em~(x)),

£ eg, &y the vector field on M’ induced by &.

0 is a regular value of u, G acts on 1 ~*(0) freely and id0p is
positive definite near ;1=1(0).
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o Let M = {(z1,22,23) € C3; |z|* + |2)* + |z3|* < 1}.

it
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o Let M = {(z1,20,23) € C3; |z1|* + |2]* + |z3)* < 1}.

o Let wp := J(dp), where p := |z1|* + |z|* + |z3]* — 1 and J is
the complex structure map on TC3.
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Example

o Let M = {(z1,22,23) € C3; |z1|* + |z|* + | z3)* < 1}.

o Let wp := J(dp), where p := |z1|* + |z|* + |z3]* — 1 and J is
the complex structure map on TC3.

@ M admits a Sl-action:

0

efo (21, Z2,Z3) = (ef"ezl, 61'0227 el 23).

0 is a regular value of p.
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Example

o Let M = {(z1,22,23) € C3; |z1|* + |z|* + | z3)* < 1}.

o Let wp := J(dp), where p := |z1|* + |z|* + |z3]* — 1 and J is
the complex structure map on TC3.

@ M admits a Sl-action:

0

efo (21, Z2,Z3) = (ef"ezl, 61'0227 el 23).

0 is a regular value of p.
o u1(0) = {(21,22,23) eCal* <Y nP + 5P < %}

Then i90p is positive definite near 1~1(0).
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@ Let

Me =1 (0)/6,
and

Mo = ("' (0) N M)/ G

Xe = (1~1(0) N X)/G.



o Let

M = u1(0)/G,
and

Mg = (n~1(0)n M)/G
Xe = (" 1(0)n X)/G.
o We assume that Mg and X are not empty.

«40O>» «Fr «=)r» «=)» = Q>



Quantization commutes with reduction
Geometric quantization on CR manifolds
Geometric quantization on complex manifolds with boundary

Complex reduction

o Let

Mg :=p(0)/G, Mg :=(u""(0)nM)/G
and
Xe = (171(0)N X)/G.

o We assume that Mg and Xg are not empty.

@ Then M/ is a complex manifold of dim¢ M{ = n—d and
Mg C M(. is a relatively compact open subset whose
boundary X is a strongly pseudoconvex CR manifold.

Guokuan Shao Geometric quantization on complex manifolds with boundary



Quantization commutes with reduction
Geometric quantization on CR manifolds
Geometric quantization on complex manifolds with boundary

Complex reduction

o Let

Mg :=p(0)/G, Mg :=(u""(0)nM)/G

and

o We assume that Mg and Xg are not empty.

@ Then M/ is a complex manifold of dim¢ M{ = n—d and
Mg C M(. is a relatively compact open subset whose
boundary X is a strongly pseudoconvex CR manifold.

o Question: Is HO(M)¢ = HO(M¢ )?
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Canonical map o¢

e ¢ 1(0) — M’: the natural inclusion.
v C®(M") — C>®(u~1(0)): the pull-back by .
LG : C®°(p1(0))¢ — C=®(Mg): the natural identification.

o6 =1got* : HO(M)¢ NC®(M)¢ — HO(Mg)NC>®(Mg).
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Canonical map o¢

o ¢ :pu~1(0) — M’: the natural inclusion.
v C®(M") — C>®(u~1(0)): the pull-back by .
LG : C®°(p1(0))¢ — C=®(Mg): the natural identification.
oG i=tgot": HY(M)NC®(M)¢ — HO(Mg)NC>®(Mg).

@ The map o¢ does not extend to a bounded operator on L2.
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Canonical map o¢

o ¢ :pu~1(0) — M’: the natural inclusion.

v C®(M") — C>®(u~1(0)): the pull-back by .

LG : C®°(p1(0))¢ — C=®(Mg): the natural identification.

oG i=tgot": HY(M)NC®(M)¢ — HO(Mg)NC>®(Mg).
@ The map o¢ does not extend to a bounded operator on L2.

@ It is necessary to consider its extension to Sobolev spaces.
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Canonic

@ For every s € R, put
H*(M): Sobolev space of M of order s.
HO(M)¢ :={ue HS(M); du=0, h*u=u, Vhe G}.
HO(Mg¢)s := {u € H(Mg); Ou = 0}.
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Canonical map o¢

o For every s € R, put
HS(M): Sobolev space of M of order s.
HO(M)¢ :={ue H5(M); du =0, h*u=u, Vh € G}.
HO(Mg¢)s :={u € HS(Mg); du = 0}.

Theorem (Hsiao-Huang-Li-S.)

The operator EWG has L? closed range.

@ o extends by density to a bounded operator

06 =06s: HA(M)¢ — H' (Mg )S_%, for every s € R.

V
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Geometric quantization on complex manifolds

Theorem II (Hsiao-Huang-Li-S.)

Suppose that i00p is positive definite near ;1~1(0) N X.

@ For every s € R, the map o¢ s is Fredholm.

o Kerogs and (Imog s )L are finite dimensional subspaces of

C®(M)NHO(M)® and C>®*(Mg )N H°(Mg), respectively.

o Kerog s and the index dimKerog s — dim (Imog ¢ )t are
independent of s.
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Geometric quantization on complex manifolds

@ Theorem II establishes “quantization commutes with
reduction” for some complex manifolds with boundary.
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Geometric quantization on complex manifolds

@ Theorem II establishes “quantization commutes with
reduction” for some complex manifolds with boundary.

o Let BWG be the orthogonal projection onto holomorphic
functions (Bergman projection).
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Geometric quantization on complex manifolds

@ Theorem II establishes “quantization commutes with
reduction” for some complex manifolds with boundary.

o Let BWG be the orthogonal projection onto holomorphic
functions (Bergman projection).

@ There is a Pseudodifferential operator E on Mg of order —%

such that

is Fredholm.
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The outline of the proof of Theorem II

@ Let B¢ be the orthogonal projection onto G-invariant
holomorphic functions (G-invariant Bergman projection).
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The outline of the proof of Theorem II

@ Let B¢ be the orthogonal projection onto G-invariant
holomorphic functions (G-invariant Bergman projection).

o Let Bg(x,y) € 2'(M x M) be the distribution kernel of Bg
(G-invariant Bergman kernel).
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The outline of the proof of Theorem II

@ Let B¢ be the orthogonal projection onto G-invariant
holomorphic functions (G-invariant Bergman projection).

o Let Bg(x,y) € 2'(M x M) be the distribution kernel of Bg
(G-invariant Bergman kernel).

@ Develop some kind of G-invariant microlocal F.I.O. method.
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G-invariant Bergman kernel asymptotics

@ The following Theorem generalizes classical work of Fefferman
to G-invaraint case.

Theorem III (Hsiao-Huang-Li-S.)
o Bg is smoothing outside n~1(0) N X.
@ In an open set U of n~1(0) N X, we have
oo .
Bs(x,y) E/ e’q’(x’y)ta(x,y, t)dt on U x U,
0
o a(x,y, 1) ~ X a0t $in ST E(Ux U xRy ),
aO(va) # 0
o dP(x,x) = —d, P(x,x) = —wo(x), Vx € u1(0)N X,
o Im®d(x,y) >0, Im ®(x, x) =~ d(x, p~1(0) N X )2.
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@ For every s € R, consider

G HS (M) — HY(Mg¢)s C HS (M),

UHBmGOEOUG,sOBGOU-
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The outline of the proof of Theorem II

o For every s € R, consider
G6: HS(M) — H°(Mg)s € H*(M¢),

UHBWGOEOJG,SOBGOU-

e E: some pseudodifferential operator on M¢ of order —%.
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The outline of the proof of Theorem II

o For every s € R, consider

G6: HS(M) — H°(Mg)s € H*(M¢),
U%BWGOEOO'GVSOBGoU.

e E: some pseudodifferential operator on M¢ of order —%.

o Let 5% : D'(Mg ) — D'(M) be the adjoint of 5¢.
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The outline of the proof of Theorem II

o For every s € R, consider
G6: HS(M) — H°(Mg)s € H*(M¢),

uHBmGoEOJGVSOBGou.

E: some pseudodifferential operator on M¢ of order —%.

Let 0% : D'(Mg ) — D'(M) be the adjoint of 5.

o Let F:=0;0¢.
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The outline of the proof of Theorem II

o For every s € R, consider

G6: HS(M) — H°(Mg)s € H*(M¢),
U%BWGOEOO'GVSOBGoU.
d

E: some pseudodifferential operator on M¢ of order -7

Let 0% : D'(Mg ) — D'(M) be the adjoint of 5.
o Let F:=0;0¢.

o Kerogs C Ker FNHO(M)¢
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The outline of the proof of Theorem II

From Theorem III and by developing new technique of complex
Fourier integral operators calculation, we can show that

e F =Gyl — R)Bg, Gy is a constant, R is also the same type
of operator as Bg.
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The outline of the proof of Theorem II

From Theorem III and by developing new technique of complex
Fourier integral operators calculation, we can show that

e F =Gyl — R)Bg, Gy is a constant, R is also the same type
of operator as Bg.

@ | — R is Fredholm.
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The outline of the proof of Theorem II

From Theorem III and by developing new technique of complex
Fourier integral operators calculation, we can show that

e F =Gyl — R)Bg, Gy is a constant, R is also the same type
of operator as Bg.

@ | — R is Fredholm.
@ Since

Kerogs C Ker FN HO(W)SG CKer(I-=R)N HO(W)G

s
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The outline of the proof of Theorem II

From Theorem III and by developing new technique of complex
Fourier integral operators calculation, we can show that

e F =Gyl — R)Bg, Gy is a constant, R is also the same type
of operator as Bg.

@ | — R is Fredholm.

@ Since

Kerogs C Ker FNHO(M)¢ C Ker (I — R)n HO(M)¢,

o Kerogs C C®(M)N HO(M)C is finite dimensional.
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The outline of the proof of Theorem II

o Take some inner products (- |- )y, on HS(Mg), for every
seR.

o F:= ocog = G(l - R))BWG'Cl is a constant, R is also the
same type of operator as BWG-
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The outline of the proof of Theorem II

o Take some inner products (- |- )y, on HS(Mg), for every
seR.

o F:= ocog = G(l - R))BWG'Cl is a constant, R is also the
same type of operator as BWG-

e | — R is Fredholm.

Guokuan Shao Geometric quantization on complex manifolds with boundary



Quantization commutes with reduction
Geometric quantization on CR manifolds
Geometric quantization on complex manifolds with boundary

The outline of the proof of Theorem II

o Take some inner products (- |- )y, on HS(Mg), for every
seR.

o F:= ocog = G(l - R))BWG'Cl is a constant, R is also the
same type of operator as BWG-

e | — R is Fredholm.

@ Since

(Imogs )t € Ker (I — R)NHO(Mg )s_d:
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The outline of the proof of Theorem II

o Take some inner products (- |- )y, on HS(Mg), for every
seR.

o F:= ocog = G(l - R))BWG'Cl is a constant, R is also the
same type of operator as BWG-

e | — R is Fredholm.

@ Since

(Imogs )t € Ker (I — R)NHO(Mg )s_d:

o (Imogs)t CC®(Mg)NHMg) is finite dimensional.
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