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Finite type conditions arise naturally during the study of weakly pseudocon-
vex hypersurfaces in C”.
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Finite type conditions arise naturally during the study of weakly pseudocon-
vex hypersurfaces in C”.

For strongly pseudoconvex hypersurfaces (and their associated domains),
there are many wonderful theorems. For example,

@ Cartan-Chern-Moser Theorem

@ Kohn's Sub-Elliptic Estimates
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Cartan-Chern-Moser Theorem

Poincaré: The real hypersurfaces in C? are generically not locally holomor-
phic equivalent.
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Cartan-Chern-Moser Theorem

Poincaré: The real hypersurfaces in C? are generically not locally holomor-
phic equivalent.

In contrast, any hypersurface in R” locally diffeomorphic to ((R”_I,O), 0).

Cartan: The strongly pseudoconvex real analytic hypersurface near the
origin in C? possesses the following normal form:

v=|2? + Z a,;(u) 2"z

k,1>2,k+1>6

Here (z,w = u + iv) are the coordinates of C2.

Wanke Yin Finite type conditions Aug. 19th, Shanghai 4 /31



Cartan-Chern-Moser Theorem

Poincaré: The real hypersurfaces in C? are generically not locally holomor-
phic equivalent.

In contrast, any hypersurface in R” locally diffeomorphic to ((R"_I,O), 0).

Cartan: The strongly pseudoconvex real analytic hypersurface near the
origin in C? possesses the following normal form:

v=|2? + Z a,;(u) 2"z

k,1>2,k+1>6

Here (z,w = u + iv) are the coordinates of C2.

Chern-Moser: Normal form for real hypersurfaces in C™.
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This theorem gave a local classification of the real hypersurfaces up to the
group SU(n,1).
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invariants reflects the analytic and geometric properties of the associated
domain.
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This theorem gave a local classification of the real hypersurfaces up to the
group SU(n,1).

The pseudoconvex domain in C™ lack of the global invariants. The boundary
invariants reflects the analytic and geometric properties of the associated
domain.

Fefferman-Bochner: Two bounded smooth strongly pseudoconvex do-
mains in C™ are biholomorphically equivalent if and only if their associated
boundary are CR equivalence.
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This theorem gave a local classification of the real hypersurfaces up to the
group SU(n,1).

The pseudoconvex domain in C™ lack of the global invariants. The boundary
invariants reflects the analytic and geometric properties of the associated
domain.

Fefferman-Bochner: Two bounded smooth strongly pseudoconvex do-
mains in C™ are biholomorphically equivalent if and only if their associated
boundary are CR equivalence.

A natural question: What's the local holomorphic invariants for general
pseudoconvex hypersurfaces?
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Kohn's sub-elliptic estimates for strongly pseudoconvex

domains(1963):

Let D be a strongly pseudoconvex domain. Then we have the subelliptic
estimates:
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For f € Dom(8) N Dom(d"). Then

IFIIZ < WOFIZ + 110" FI1* + I II? with e = 5
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Kohn's sub-elliptic estimates for strongly pseudoconvex

domains(1963):

Let D be a strongly pseudoconvex domain. Then we have the subelliptic
estimates:

For f € Dom(8) N Dom(d"). Then

LFIE < UOLIF + 107 FI7 + I FI1* with e = 5.

This theorem is crucial on the investigation of the strongly pseudoconvex
domains.
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Kohn's sub-elliptic estimates for strongly pseudoconvex

domains(1963):

Let D be a strongly pseudoconvex domain. Then we have the subelliptic
estimates: _ _
For f € Dom(8) N Dom(d"). Then

LFIE < UOLIF + 107 FI7 + I FI1* with e = 5.
This theorem is crucial on the investigation of the strongly pseudoconvex
domains.

A natural question: Do the sub-elliptic estimates hold for general pseudo-
convex domains?
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Kohn showed that the sub-elliptic estimates does not always hold for general

pseudoconvex domains.
If D is a domain defined by
-1

{T‘ <0, r(z1, 22, w) = Re(w) + ]z% + 25’]2 + exp7(|21|2+|z2|2+|w|2) }

Then there is no subelliptic estimate for (0, 1) forms near 0.

Wanke Yin Finite type conditions Aug. 19th, Shanghai 7/31



Kohn showed that the sub-elliptic estimates does not always hold for general

pseudoconvex domains.
If D is a domain defined by

{T‘ <0, r(21,22,w) = Re(w) + |22 + 25|* + exp7(|21|2+|z2|2+|w|2)_1.}

Then there is no subelliptic estimate for (0, 1) forms near 0.

A natural question: What kind of pseudoconvex domains possess sub-
elliptic estimates 7
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J. Kohn (1972):

Suppose M C C?, pe M.
L: a (1,0) tangential vector field near p with L(p) # 0.
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J. Kohn (1972):

Suppose M C C?, pe M.
L: a (1,0) tangential vector field near p with L(p) # 0.

7: the purely imaginary non-vanishing 1 form, that annihilates the holomor-
phic vector bundle.

T the totally imaginary tangent vector field such that n(7") = 1.

We have the following invariants:
(1) Contact order by regular holomorphic curves aM) (M, p),

M (M, p) = sup {r| 3 a local regular holomorphic curve ~
gl

whose order of vanishing of p| at p is r}.

Here and in what follows, p is the defining function of M near p.

Wanke Yin Finite type conditions Aug. 19th, Shanghai



(2) lterated Lie brackets ¢t (M, p),
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(m, [- -~ [[L1, L2, L3] - - - , Lg]) (p) = 0.
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(2) lterated Lie brackets ¢t (M, p),
Define t(L,p) = m if forany k <m—1and Ly,--- , Ly = L or L, we have

(m, [- -~ [[L1, L2, L3] - - - , Lg]) (p) = 0.

But for a certain Lq,---,L,, = L or L, we have

(n,[---[[L1, La], L3] - - -, Lim])(p) # 0.

Then t(L,p) is independent of L and define t() (M, p) = t(L, p).
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(3) The degeneracy of the Levi form ¢ (M, p)
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Define ¢(L,p) = m if for any k (< m — 3) vector fields Lq,--- , Ly = L or
L, it holds that
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Define ¢(L,p) = m if for any k (< m — 3) vector fields Lq,--- , Ly = L or
L, it holds that
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(3) The degeneracy of the Levi form ¢ (M, p)

Define ¢(L,p) = m if for any k (< m — 3) vector fields Lq,--- , Ly = L or
L, it holds that

Ly~ Li(n, [L, L])(p) = O

and for a certain choice of m — 2 vector fields Ly, ,Ly,—o = L or L, it
holds that

Ly Lin—a(n; [L, L])(p) # 0.
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(3) The degeneracy of the Levi form ¢ (M, p)

Define ¢(L,p) = m if for any k (< m — 3) vector fields Lq,--- , Ly = L or
L, it holds that

Ly~ Li(n, [L, L])(p) = O

and for a certain choice of m — 2 vector fields Ly, ,Ly,—o = L or L, it
holds that

Ly Lin—a(n; [L, L])(p) # 0.

Then ¢(L, p) is independent of L and define ¢(V) (M, p) = ¢(L, p).
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(4) Contact order by holomorphic curves A (M, p).
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(4) Contact order by holomorphic curves A (M, p).

A1 (M,0) = sup pz r).
z:(C,0)—(C",z0) :u(z)

Here z is a local holomorphic curve near 0.
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(4) Contact order by holomorphic curves A (M, p).

A1 (M,0) = sup pz r).
z:(C,0)—(C",z0) :u(z)

Here z is a local holomorphic curve near 0.

When z is required to be regular, this is exactly the regular finite type
ah) (M, p).
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J. Kohn (1972):

e Theorem: o) (M, p) =t (M, p) = D (M, p) = A (M, p).
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J. Kohn (1972):

e Theorem: o) (M, p) =t (M, p) = D (M, p) = A (M, p).
@ pseudoconvexity is not necessary in the theorem.

@ When M is pseudoconvex, these invariants = m if and only if
(1) subelliptic estimates holds for ¢ = L, but
(2) (Greiner 1974) for no large value of e.
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J. Kohn (1972):

e Theorem: o) (M, p) =t (M, p) = D (M, p) = A (M, p).
@ pseudoconvexity is not necessary in the theorem.

@ When M is pseudoconvex, these invariants = m if and only if
(1) subelliptic estimates holds for ¢ = L, but
(2) (Greiner 1974) for no large value of e.

This finite type at 0 € M is of finite type m if and only if the defining
function can take the following form

p = Im(w) + P(2,7) + 02" + [Re(w)| + [Re(w)]?).

Here P is a non trivial homogeneous polynomial of degree m without har-
monic terms.
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Generalization of Kohn's notion of the boundary finite type condition to
higher dimensions has been a subject under extensive investigations in the
past 40 years in Several Complex Variables.
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Generalization of Kohn's notion of the boundary finite type condition to
higher dimensions has been a subject under extensive investigations in the
past 40 years in Several Complex Variables.

Different measurements of the degeneracy of the Levi form results in the
different finite types.

o regular finite type (of Bloom-Graham)
@ D'Angelo finite type
o Catlin multitype

@ Catlin finite type
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T. Bloom (1981):

When M C C™. For each integer 1 < s < n — 1, we can similarly define
corresponding integer invariants:
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T. Bloom (1981):

When M C C™. For each integer 1 < s < n — 1, we can similarly define
corresponding integer invariants:

© The s-contact type a'® (M, p)
@ The s-vector field type t(*) (M, p),

© The s-type of the Levi form c(s)(M,p).
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@ The first invariant is more of algebraic, comparatively more easily to
compute
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@ The first invariant is more of algebraic, comparatively more easily to
compute

@ The second is defined in a way more of differential geometry

@ The third invariant is defined by the degeneracy of the Levi form, it is
always more easily to be applied.
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o Bloom-Graham (1977): o~V (M, p) =t~V (M, p).
o Bloom (1978): o(»V(M,p) = "D (M, p).
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o Bloom-Graham (1977): o~V (M, p) =t~V (M, p).
o Bloom (1978): o(»V(M,p) = "D (M, p).

@ Bloom (1981): For any 1 < s < n — 1, a®(M,p) < t®(M,p),
al®) (M, p) < (M, p).

For these results, pseudo-convexity is not necessary.
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T. Bloom 1981

o Conjecture: When M is pseudo-convex, for 1 < s < n—1, a'® (M, p) =
t)(M, p) = (M, p).
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T. Bloom 1981

o Conjecture: When M is pseudo-convex, for 1 < s < n—1, a'® (M, p) =
t)(M, p) = (M, p).

@ pseudo-convexity is necessary in this conjecture:
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T. Bloom 1981

o Conjecture: When M is pseudo-convex, for 1 < s < n—1, a'® (M, p) =
t)(M, p) = (M, p).

@ pseudo-convexity is necessary in this conjecture:
Let p = 2Re(w) + (22 + Z3 + [21/?)? and let M = {(z1,20,w) €
C3| p=0}. Let p = (0,0,0). Then a(V(M,p) = 4 but ¢V (M, p) =
tM(M,p) = oo .
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T. Bloom 1981

o Conjecture: When M is pseudo-convex, for 1 < s < n—1, a'® (M, p) =
t)(M, p) = (M, p).

@ pseudo-convexity is necessary in this conjecture:

Let p = 2Re(w) + (22 + Z3 + [21/?)? and let M = {(z1,20,w) €
C3| p=0}. Let p = (0,0,0). Then a(V(M,p) = 4 but ¢V (M, p) =
tM(M,p) = oo .

o When M c C3, oV (M,p) = (M, p).
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Huang-Y. (2021): When M is pseudo-convex,
"D (M, p) = 102 (M, p) = "2 (M, p).

In particular, this gives a complete solution for n = 3.
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In particular, this gives a complete solution for n = 3.

Chen-Chen-Y. (2021): Suppose that M is pseudo-convex, the Levi form
at p has only one degenerate eigenvalue. Then o) (M, p) = tM) (M, p) =
(M, p).
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Huang-Y. (2021): When M is pseudo-convex,
"D (M, p) = "D (M, p) = "D (M, p).
In particular, this gives a complete solution for n = 3.

Chen-Chen-Y. (2021): Suppose that M is pseudo-convex, the Levi form
at p has only one degenerate eigenvalue. Then o) (M, p) = tM) (M, p) =
D (M, p).

(In this case, a®) (M, p) = ¢ (M, p) is due to Abdallah TALHAOUI (1983))
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A Conjecture of D'Angelo (1986)

For a fixed tangent (1,0) vector field L, as in C?, we can similarly define
t(L,p) and c(L, p).
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For a fixed tangent (1,0) vector field L, as in C?, we can similarly define
t(L,p) and c(L, p).

For higher dimensional case, t(L,p) and ¢(L,p) depends on L.

D’Angelo Conjecture:

Let M be a pseudoconvex smooth hypersurface, p € M. Then for any fixed
(1,0) tangent vector field L, we have t(L,p) = ¢(L, p).
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A Conjecture of D'Angelo (1986)

For a fixed tangent (1,0) vector field L, as in C?, we can similarly define
t(L,p) and c(L, p).

For higher dimensional case, t(L,p) and ¢(L,p) depends on L.

D’Angelo Conjecture:

Let M be a pseudoconvex smooth hypersurface, p € M. Then for any fixed
(1,0) tangent vector field L, we have t(L,p) = ¢(L, p).

It implies one equality of the Bloom Conjecture.
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Progress on the D'Angelo Conjecture

D’Angelo 1986: t(L,p) = 4 if and only if ¢(L,p) = 4.
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Progress on the D'Angelo Conjecture
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Progress on the D'Angelo Conjecture

D’Angelo 1986: ¢(L,p) = 4 if and only if ¢(L,p) = 4.

Chen-Y.-Yuan 2020: ¢(L,p) = c¢(L,p) if n = 3.

Chen-Chen-Y. (2021): Suppose that M is pseudo-convex, the Levi form
at p has only one degenerate eigenvalue. Then, for any fixed (1,0) tangent
vector field L, we have ¢(L,p) = ¢(L, p).

Fassina (2018) tried to prove ¢t(L,0) > ¢(L,0).

Recently, we have made some new progress on this problem.
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Kohn's case (n=2)

WLOG, we assume p = 0. In C? case, for any two (1,0) tangent vectors L
and L’ with L(0), L'(0) # 0, we have L = fL’ with f(0) # 0. Hence

t(L,0) =t (M,0), ¢(L,0) =V (M,0).
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Kohn's case (n=2)

WLOG, we assume p = 0. In C? case, for any two (1,0) tangent vectors L
and L’ with L(0), L'(0) # 0, we have L = fL’ with f(0) # 0. Hence

t(L,0) =t (M,0), ¢(L,0) =V (M,0).

The first approach is to achieve the equality via a(")(14,0). Namely, we
prove

t(L,0) = aV(M,0), ¢(L,0)=aV(M,0).
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Kohn's case (n=2)

In nornal form, We may assume
p=1Im(w) + P(2,7) + O(|z[" " + |zRe(w)| + [Re(w) ).
Then ¢(L,0) and ¢(L,0) can be obtained by direct computation. In fact, if

9 L0
L= 0z p=(pu) ow’
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Kohn's case (n=2)

In nornal form, We may assume
p=1Im(w) + P(2,7) + O(|z[" " + |zRe(w)| + [Re(w) ).
Then ¢(L,0) and ¢(L,0) can be obtained by direct computation. In fact, if

) L0
L=4 — p2(pw)” s

Then we have the following explicit formulas:

)‘(L L) | ‘2 {pzz‘pw 2R€(pzﬁpwpz) + Twﬁ’pz’2}-
Pw
o ar—i—s
op,[---[[L,L], L], -+, L;m—2](0) = 0).
[ pv[ [[ ) ]’ 1]5 ) 2]( ) 8zrazsp( )
Here L1, - ,Ly—o =L or L, r and s are the numbers of L and L.

Wanke Yin Finite type conditions Aug. 19th, Shanghai 22 /31



Higher dimensional case

For Bloom-Graham's case, the proofs of a1 (M,0) = t(*~Y (M, 0) and
a1 (M,0) = "= (M,0) are more or less the same. We still have the
normal form and explicit computation.
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a1 (M,0) = "= (M,0) are more or less the same. We still have the
normal form and explicit computation.

In the above cases, the pseudoconvex is not needed.
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Higher dimensional case

For Bloom-Graham's case, the proofs of a("~1(M,0) = ¢t~V (M, 0) and
a1 (M,0) = "= (M,0) are more or less the same. We still have the
normal form and explicit computation.

In the above cases, the pseudoconvex is not needed.

When we deal with the Bloom Conjecture and the D'Angelo Conjecture in
higher dimensional case, the pseudoconvex is necessary.
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Higher dimensional case

For Bloom-Graham's case, the proofs of a("~1(M,0) = ¢t~V (M, 0) and
a1 (M,0) = "= (M,0) are more or less the same. We still have the
normal form and explicit computation.

In the above cases, the pseudoconvex is not needed.

When we deal with the Bloom Conjecture and the D'Angelo Conjecture in
higher dimensional case, the pseudoconvex is necessary.

The difficulty of these problems lies in how to make use this pseudoconvex
condition.
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As for the C3 case, to prove the D’Angelo Conjecture, we made use of the
Bloom Conjecture.
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As for the C3 case, to prove the D’Angelo Conjecture, we made use of the
Bloom Conjecture.

Let L be a general tangent vector field, which does not achieve the maximum
for the commutator type or the Levi form type.
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As for the C3 case, to prove the D’Angelo Conjecture, we made use of the
Bloom Conjecture.

Let L be a general tangent vector field, which does not achieve the maximum
for the commutator type or the Levi form type.

We constructed a new hypersurface M’, and use the Bloom Conjecture to
get a)(M’,0) = t(L,0) and a™)(M’,0) = ¢(L,0).
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As for the C3 case, to prove the D’Angelo Conjecture, we made use of the
Bloom Conjecture.

Let L be a general tangent vector field, which does not achieve the maximum
for the commutator type or the Levi form type.

We constructed a new hypersurface M’, and use the Bloom Conjecture to
get a)(M’,0) = t(L,0) and a™)(M’,0) = ¢(L,0).

For higher dimensional case (n > 4), the Bloom Conjecture itself is still
unknown.
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The other approach to prove the D'Angelo Conjecture is to obtain a direct
relation between ¢(L,0) and ¢(L,0).
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The other approach to prove the D'Angelo Conjecture is to obtain a direct
relation between ¢(L,0) and ¢(L,0).

For L1, - ,Li+1 = L or L and any tangent vector field I, define

arpr = n([Tv LI])a

and
Fk’-i—? = [ o [[L>Z]7L1] o ?Lk]'
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If Ly = L, then

N(Tky2) = 0([Crr1, L]) = (ar — L)n(Try1) — AL, 10,1k y1)-
If L, = L, then
N(Thy2) = 1([Crs1, L)) = (o = L)n(Tri1) = A(m1,0Tkr1, L)

The crucial fact in C? is that there always exists a function f such that

71,00 +1 = fL, mo1lky1 = gL. (%)
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If Ly = L, then
N(Trt2) = n([Lrt1, L]) = (oL — L)n(Trq1) — ML, w01 Let1)-

If L, = L, then

N(Thy2) = 1([Crs1, L)) = (o = L)n(Tri1) = A(m1,0Tkr1, L)

The crucial fact in C? is that there always exists a function f such that

71,00 +1 = fL, mo1lky1 = gL. (%)

Thus by induction,

P; is a differential operator of order at most j along L and L.
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(x) is crucial for the C? case.
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(x) is crucial for the C? case.

It does not hold for higher dimensional case, which made the problem ex-
tremely difficult. For example,
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(x) is crucial for the C? case.

It does not hold for higher dimensional case, which made the problem ex-
tremely difficult. For example,

Q Are t(L,0) and ¢(L,0) always even?
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(x) is crucial for the C? case.

It does not hold for higher dimensional case, which made the problem ex-
tremely difficult. For example,

Q Are t(L,0) and ¢(L,0) always even?

Q Isvy(f) 2 vr(g) if0< f<g?
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(x) is crucial for the C? case.

It does not hold for higher dimensional case, which made the problem ex-
tremely difficult. For example,

Q Are t(L,0) and ¢(L,0) always even?

Q Isvr(f) = vr(g) if0O< f<g?
Here V,(f) is the vanishing order of f along L and L.
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(x) is crucial for the C? case.

It does not hold for higher dimensional case, which made the problem ex-
tremely difficult. For example,

Q Are t(L,0) and ¢(L,0) always even?

Q Isvr(f) = vr(g) if0O< f<g?
Here V,(f) is the vanishing order of f along L and L.

The second question is trivial if L is a real tangent vector field.

Wanke Yin Finite type conditions Aug. 19th, Shanghai 27 /31



Direct connection for higher dimensional case

Write
£m+2 = [ [[vaLLl] e 7Lm] L] =Lor L.
Then if L,, = L

(L") = (ap — L)n(L™) = A(L, Mo, £77)

If if L, =L

n(L"F2) = (ag, — Din(£™ ) + My, L" L)
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Direct connection for higher dimensional case

Write
£m+2 = [ [[vaLLl] e 7Lm] L] =Lor L.

Thenif L,, = L

n(L™2) = (ap — (L) = A(L, T, £
If if L, =L

B(E" ) = (o = DL ) + N[ oL™ ).
Hence by induction, we obtain

n(L™2) = (=1)" Ly, --- LWL, L) + R.

R is extremely complicated, it is no longer lower times derivative of A(L, L)
along L and L.
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Write X = II; o[L, L]. In the case of t =4 or ¢ = 4,

n((l[L, L], L, L]) + n([[[L, L], L], L]) = (LL + LL)A(L, L) 4 2 (X, X).
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Write X = II; o[L, L]. In the case of t =4 or ¢ = 4,

n([[[Lﬂi]vL]az]) + 77([[[[”7]7 ]7L]) = (ZL + LE)A(L,Z) + 2)\(X,Y),

The key point is that both (LL + LL)A(L,L) and the remainder term
(X, X) are positive, due to the pseudoconvexity.
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Write X = II; o[L, L]. In the case of t =4 or ¢ = 4,

n([[[L, L), L], L]) + n([[[L, L], L], L]) = (LL + LL)AM(L, L) + 2A(X, X).
The key point is that both (LL + LL)A(L,L) and the remainder term
(X, X) are positive, due to the pseudoconvexity.

It is not easy to achieve such a positive remainder term even for the degree
6 case.
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Relation between these invariants

Example: Let M C C* be a real hypersurface defined by

r=—2mw+ |z [* + |z %|22)? + |21|23]® + |22 — 23|%.
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Relation between these invariants

Example: Let M C C* be a real hypersurface defined by

r=—2mw+ |z [* + |z %|22)? + |21|23]® + |22 — 23|%.

The Caltin multitypes at 0 are 4, 4, 4,
The Bloom regular contact types are 4, 8, 12,

The D’Angelo finite types are 4, 8, +o0.
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Thank you for your attention!
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