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In the most recent issue (August 2022) of Notice of AMS,
Chenyang Xu wrote a very nice survey article entitled K-stablility:
The recent interaction between algebraic and complex geometry.
Motivated by his article, | will describe part of contents he
mentioned, and explore the still somewhat mysterious connection
of its notion with Nevanlinna theory (Diophantine
approximation). This talk is based on the recent paper of Yan He
and Min Ru: The stability threshold and Diophantine
approximation, Proc. A.M.S., 2022.
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Valuative criterion of K-stability.

The notion of the K-stability of Fano varieties is an
algebro-geometric stability condition. An important problem in
algebraic geometry is to find a simple criterion to test the
K-stability of the variety X. One fundamental development is the
equivalent description of the notions of K-stability, using the
valuation over the function filed K(X) (ordg f, where E is a
irreducible divisor on X)
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2. X is K-stable if and only if Ax(E) > B(—Kx, E) for any E
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m-basis type to describe the stability threshold

d(L) = infg Q(XL(?) For m sufficient large, we say D is a m-basis

type divisor if D = %m((sl) + -+ (sw,,)) where {s1,...,sn,}
forms a basis of HO(X, mL). Recall the algebraic geometry
definition of “log canonical threshold”: Ict(D) = ming Of\(j(((’g).

Let §(L) := infplct(D) = infp ming 3 (( )) = infg ((E)), where
D ~q L runs through over all m-basis type divisors. Slnce
liMm—o0 Sm(E) = B(L, E) (as we described earlier), Blum-Jonsson
proved that limp,_, ,»(L) = d(L). We note that this gives us a way
to verify K-stability for explicit Fano varieties, by estimating
Im(—Kx).
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Tian in 1987 introduced «(L) the log canonical threshold of L as
follows: Let h = e~? be a singular metric with ©, » > 0, where
OLh= g@élog ¢. Define c,(h) = sup{c | e72? is locally
integrable at p}. Define, for p € X, ap(L) = infr.e, ,>0 cp(h)
and oL) = infpex ap(L).  Tian proved that if a(—Kx) > T
then X is K-stable. Let D be an effective Cartier divisor, then
the canonical section sp of [D] gives a singular metric on [D] with
¢ :=log |sp|. We denote Ict,(D) := cp(h) and

lct(D) := infpex Icty(D) with such metric. Use the fact that, for
¢ = log|f|, e 2 = mlh, and the fact that [ M% < oo iff

Aa—1<0,ie A<l thislinks with the (algebraic geometry)
definition for Ict(D).  According to Demailly,

a(L) = inf{lct(D) | D is effective, D ~q L}.

This allows purely algebro-geometric proofs of Kaher-Einstein
metrics.
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Cartan’s Theorem (1933). Let f : C — P"(C) be a linearly
non-degenerate holomorphic map. Let Hy,..., Hq be the
hyperplanes in general position on P”(C).  Then, for any € > 0,
Doy me(r Hj) Sexc (n+1+€)Te(r).
In 2004 Ru extended the above result to hypersurfaces for
f : C — P"(C) with Zariski dense image.

Jqldmf(r D) exc(n+1+€)Tf()
Theorem (Ru, 2009). Let f : C — X be holo and Zariski dense,
D1, ..., Dq be divisors in general position in X.  Assume that
D ~ d;A (A being ample). Then, for V € > 0,

defrD <exc (dimX +1+€)Tr a(r).
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Theorem (Ru-Vojta, Amer. J. Math., 2020). Let X be a smooth
complex projective variety and let Dy, ..., D, be effective Cartier
divisors in general position. Let .Z be a line sheaf on X with
hO(£N) > 1 for N big enough. Let f: C — X be a holomorphic

map with Zariski image. Then, for every € > 0,

ZBJ (2, Dj)me(r, Dj) <exc (1+€)Tr 2(r)
j=1
where
_ > 1 dim HO(X, £N(—mD))
B2, D) = limsup ===y 5o X, 2
In the case when D; ~ A, then 3(D, Dj) = 75, where
D=Dy+---+ D,.




Diophantine approximation

Theorem (Ru-Vojta, 2020) [Arithmetic Part] Let X be a projective
variety over a number field k, and Dy, ..., D, be effective Cartier
divisors intersecting properly on X. Let L be a line bundle on X
with iO(LN) > 1 for N big enough. Let S C My be a finite set of
places. Then, for every € > 0, the inequality

q

Zﬁ(Lv Dj)mS(X7 Dj) < (1 + E)hL(X)

i=1

holds for all k-rational points outside a proper Zariski-closed
subset of X.
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The Basic Theorem (m-base estimate). Let X be a complex
projective variety and let £ be a line sheaf on X with

dim HO(X, L) > 1. Lets,...,sq € HO(X,L). Letf:C— X
be a holomorphic map with Zariski-dense image. Then, for any
€>0,

2 e df |
/0 mjax; A (F(1e™) 5~ Sexe (dim HO(X, £) + )T (1)

where the set J ranges over all subsets of {1,..., g} such that the
sections (s;);jey are linearly independent. Note: The D ~q L is of
m-basis type if D := m#Nm > scn(s), where B is a basis of

HO(X, £®™), where N, = dim HO(X, £L®™).
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Theorem (Weak version of Ru-Vojta). Let X be a complex
projective variety and let Dy, ..., D, be effective Cartier divisors
such that at most £ of such divisors meet at any point of X. Let
L be a line sheaf on X with h°(LN) > 1 for N big enough. Let
f : C — X be a holomorphic map with Zariski-dense image.
Then, for every € > 0,

;-7:1 6([;, Dj)mf(r, Dj) Lexc ¥ (1 + 6) Tfﬁ(r).
The proof is using the Basic Theorem (m-base estimate) by
choosing a a suitable m-basis of H%(X, mL) through the filtration
filtration It = HO(X, mL — tE), t > 0 of H°(X, mL)






Outline of the proof:



Outline of the proof:  For each f(z) = x € X, from the condition
that at most £ of D;,1 < j < g, meet at X,



Outline of the proof:  For each f(z) = x € X, from the condition
that at most £ of D;,1 < j < g, meet at x, we have

Y1 Bidp,(x) < By Ap (x) + O(1).



Outline of the proof:  For each f(z) = x € X, from the condition
that at most £ of D;,1 < j < g, meet at x, we have

ch'lzl BJ')‘DJ'(X) < fﬁio)‘Dio (X) + O(l)

Consider the It = HO(X, mL — tDyg), t > 0, of H%(X, mL) and
choose a basis s1,- -, sy, € HO(X, mL) according to this
filtration.



Outline of the proof:  For each f(z) = x € X, from the condition
that at most £ of D;,1 < j < g, meet at x, we have

Y1 Bidpy(x) < €8y Ap (x) + O(1).

Consider the It = HO(X, mL — tDyg), t > 0, of H%(X, mL) and

choose a basis s1,- -, sy, € HO(X, mL) according to this
filtration. Notice that for s € HO(X, mL — tD;,)), we have
(S) > tD,'O,



Outline of the proof:  For each f(z) = x € X, from the condition
that at most £ of D;,1 < j < g, meet at x, we have

Y1 Bidpy(x) < €8y Ap (x) + O(1).

Consider the It = HO(X, mL — tDyg), t > 0, of H%(X, mL) and

choose a basis s1,- -, sy, € HO(X, mL) according to this
filtration. Notice that for s € HO(X, mL — tD;,)), we have
(s) > tD;,, so

Nm )
1 L X H(mL— tDy)

mN,, 1(5j) - mN,,

io*



Outline of the proof:  For each f(z) = x € X, from the condition
that at most £ of D;,1 < j < g, meet at x, we have

27:1 Bj)\Dj(X) < fﬁio)‘Dio (X) + O(l)

Consider the It = HO(X, mL — tDyg), t > 0, of H%(X, mL) and
choose a basis s1,- -, sy, € HO(X, mL) according to this
filtration. Notice that for s € HO(X, mL — tD;,)), we have

(s) > tD;,, so

Nm o0 0 o i
1 (5) > Y oq hP(mL tD,O)D
mN,, = mN,,

io*

It then follows from the Basic Theorem.



Outline of the proof:  For each f(z) = x € X, from the condition
that at most £ of D;,1 < j < g, meet at x, we have

27:1 Bj)\Dj(X) < fﬁio)‘Dio (X) + O(l)

Consider the It = HO(X, mL — tDyg), t > 0, of H%(X, mL) and
choose a basis s1,- -, sy, € HO(X, mL) according to this
filtration. Notice that for s € HO(X, mL — tD;,)), we have

(s) > tD;,, so

Nm o0 0 o i
1 (5) > Y oq hP(mL tD,O)D
mN,, = mN,,

io*

It then follows from the Basic Theorem.



With the filtration (multi-parameter filtration) in Ru-Vojta, we can
prove that
Theorem (He-Ru, Proc. A.M.S., 2022).

1
o(L) <
( ) T omaxi<i<q B(D;,L)

lct(D),

for any divisor D = Dy + - - - + Dq with Dy, ..., Dy are in general
position on X.



With the filtration (multi-parameter filtration) in Ru-Vojta, we can
prove that
Theorem (He-Ru, Proc. A.M.S., 2022).

1
(L) <
( ) - maxi<i<q B(D;, L)
for any divisor D = Dy + - - - + Dq with Dy, ..., Dy are in general
position on X. Ru-Vojta theorem is just above result plus the
Basic Theorem.
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Let L be ample, we define
@ Seshadri constant €(L, D):

e(L,D) =sup{y € Q: L —~D is nef}.

T(L,D) =sup{y € Q: L—D is effective or pseudo-effective}.

@ Then we have (Blum-Jonsson) ¢(L, D) < T(L,D) and
11 T(L, D) < B(L, D) < T(L,D).

n+1
e Furthermore, a(L) = infg (L E) (while §(L) = infg 5?2?))
and

a(L) <4(L) < (n+1)a(L).



