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Walsh Transform

f (x) is a function from Fpn to Fp.

Its Walsh transform f̂ (λ) is defined by

f̂ (λ) =
∑
x∈Fpn

ω
f (x)−Trn1 (λx)
p .

Trn1 (·) is the trace function from Fpn to Fp.

ωp = e2πi/p is the complex primitive p-th root of unity.
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Bent Functions

If
|f̂ (λ)|2 = pn

for all λ ∈ Fpn , then f (x) is called a p-ary bent function.

Boolean bent functions: p = 2, then n even.
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(Weakly) Regular Bent Functions

A p-ary bent function f (x) is called regular if there exists a p-ary
function g(x) from Fpn to Fp such that

f̂ (λ) = p
n
2ω

g(λ)
p .

g(x): the dual function of f (x)

p = 2: regular
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(Weakly) Regular Bent Functions (Cont.)

A p-ary bent function f (x) is called weakly regular if there exists a
complex number u with |u| = 1 such that

f̂ (λ) = up
n
2ω

g(λ)
p .

g(x): the dual function of f (x)

u = ±1,±i
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All Known p-Ary Dual Functions
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The Coulter-Matthews Bent Function

1997, Coulter and Matthews

F3n

gcd(2n, k) = 1, d = 3k+1
2

f (x) = Trn1 (axd) is bent for any a ∈ F∗3n
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The Coulter-Matthews Bent Function (Cont.)

Weakly regular

In 2006, Helleseth and Kholosha conjectured that the
Coulter-Matthews bent functions are weakly regular bent.

In 2008, this conjecture was proved in two special cases by Hou.
(k = n + 1 or k = n − 1)

Completely settled in 2009 by Helleseth, Hollmann, Kholosha, Wang,
and Xiang.
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The Coulter-Matthews Bent Function (Cont.)

Dual function, k = n + 1 or k = n − 1, Hou, 2008
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A Universal Formula

2015

Theorem 1

For any a ∈ F∗3n and λ ∈ F3n , we have∑
x∈F3n

ω
Trn1 (ax

d+λx)
3 = (−1)n+1η(a)inω

g(λ)
3 3n/2,

where η is the quadratic character of F3n , and

g(λ) = η(a)
∑

j :wt(j)+wt(−jd)=n+1

σ(j)σ(−jd)
( a

λd

)j
,

where a/λd = 0 if λ = 0.
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A Universal Formula (Cont.)

q = pn

For any 0 6 k < q − 1, let k = k0 + k1p + · · ·+ kn−1p
n−1 be the

p-adic representation of k , where 0 6 ki < p for i = 0, 1, . . . , n − 1.

wt(k) = k0 + k1 + · · ·+ kn−1

σ(k) = k0!k1! · · · kn−1!

For any j , wt(j) = wt(j), and σ(j) = σ(j), where 0 6 j < q − 1 and
j ≡ j (mod q − 1).
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Regular Bent

2015

Theorem 2

If n is even and η(a) = −(−1)n/2, then Trn1 (axd) is a regular bent
function.
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Two Constructions of Simple Form

2015

F3n

n = 3t + 1, k = 2t + 1 with t > 1, a ∈ F∗3n , the new bent function is

f (x) = Trn1

(
−x3

2t+1+3t+1+2

a32t+1+3t+1+1
− x3

2t+1

a−32t+3t+1
+

x2

a−32t+1+3t+1+1

)

Degree: 4

Honggang Hu Coulter-Matthews Bent Functions July 3, 2018 14 / 41



Two Constructions of Simple Form (Cont.)

2015

F3n

n = 3t + 2, k = 2t + 1 with t > 1, a ∈ F∗3n , the new bent function is

f (x) = Trn1

(
− x3

2t+2+1

a32t+2−3t+1+3
− x2·3

2t+1+3t+1+1

a32t+2+3t+1+1
+

x2

a−32t+2+3t+1+3

)

Degree: 4
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Gauss Sums over Finite Fields

ψ: ψ(x) = ω
Trn1(x)
p , additive character

χ: multiplicative character of Fq

For any multiplicative character χ over Fq, the Gauss sum G (χ) over
Fq is defined by

G (χ) =
∑
x∈Fq

ψ(x)χ(x).
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Prime Ideal Factorization
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Algebraic Integer Rings

In Z: p is a prime number (can not be factored).

In Z: (p) is a prime ideal.

In Z[ωp]: let π = ωp − 1, (π) is a prime ideal.

In Z[ωp]: (p) = (π)p−1 in Z[ωp].

In Z[ωp, ωq−1]: (π) = A1A2 · · · At in Z[ωp, ωq−1], where Ai are
prime ideals in Z[ωp, ωq−1], and t = φ(q − 1)/n.
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Algebraic Integer Rings and Finite Fields

For each Ai , Z[ωp, ωq−1]/Ai
∼= Fq

There exists one multiplicative character χ on Fq satisfying

χ(x) (mod A) = x

where x ∈ Z[ωp, ωq−1]/A ∼= Fq.

This character is called the Teichmüller character, and we denote it
by χp.
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Gauss Sums Again

For any x ∈ Fq, ψ(x) ∈ Z[ωp].

For any x ∈ Fq, χ(x) ∈ Z[ωq−1].

G (χ) =
∑

x∈Fq
ψ(x)χ(x) ∈ Z[ωp, ωq−1].
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Stickelberger’s Theorem

For any 0 6 k < q − 1, we have

G (χ−kp ) ≡ −π
wt(k)

σ(k)
(mod πwt(k)+p−1).

Let e = bwt(k)/(p − 1)c.
Then pe‖G (χ−kp ) for any 0 < k < q − 1 by Stickelberger’s theorem.

Because (π) = A1A2 · · · At , we have

G (χ−kp ) ≡ −π
wt(k)

σ(k)
(mod Awt(k)+p−1)

for any 0 6 k < q − 1.
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One Lemma

2015

Lemma 3

1) wt(j) + wt(−jd) > n for any 0 < j < 3n − 1, and j = (3n − 1)/2 is the
only value such that wt(j) + wt(−jd) = n.

2) Moreover, wt(j) + wt(−jd) = n + 1 if and only if one of the following
two conditions holds:

(i) wt(j) + wt(3k j) = wt((3k + 1)j) and 2wt(−jd) = wt(−(3k + 1)j) + 2;
(ii) wt(j) + wt(3k j) = wt((3k + 1)j) + 2 and 2wt(−jd) = wt(−(3k + 1)j).
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Cyclotomic Cosets Modulo 3n − 1

For any 0 6 s < 3n − 1, let ns be the smallest positive integer such
that s ≡ s3ns (mod 3n − 1).

The cyclotomic coset Cs modulo 3n − 1 is defined to be the set

Cs = {s, 3s, ..., 3ns−1s}.

Assume that s is the smallest integer in Cs . Then s is called the coset
leader of Cs .

n = 2, the cyclotomic cosets modulo 8 are:

C0 = {0},C1 = {1, 3},C2 = {2, 6},C4 = {4},C5 = {5, 7}.

{0, 1, 2, 4, 5} are coset leaders modulo 8.
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The Main Problem

{j |0 6 j < 3n − 1,wt(j) + wt(−jd) = n + 1}?

Complicated computation!
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Two Nice Cases

2015

n = 3t + 1, k = 2t + 1 with t > 1

d = (32t+1 + 1)/2

u = 3n−1
2 − 33t − 32t − 3t

v = 3n−1
2 − 33t − 32t + 3t−1

w = 3n−1
2 − 33t − 32t−1 + 3t−1

Cu
⋃
Cv
⋃

Cw = {j |0 6 j < 3n − 1,wt(j) + wt(−jd) = n + 1}

g(x) = Trn1

(
− x3

2t+1+3t+1+2

a32t+1+3t+1+1
− x3

2t+1

a−32t+3t+1
+ x2

a−32t+1+3t+1+1

)
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Two Nice Cases (Cont.)

2015

n = 3t + 2, k = 2t + 1 with t > 1

d = (32t+1 + 1)/2

u = 3n−1
2 − 33t+1 − 32t+1 − 3t

v = 3n−1
2 − 33t+1 − 32t+1 + 3t

w = 3n−1
2 − 33t+1 − 32t + 3t−1

Cu
⋃
Cv
⋃

Cw = {j |0 6 j < 3n − 1,wt(j) + wt(−jd) = n + 1}

g(x) = Trn1

(
− x3

2t+2+1

a32t+2−3t+1+3
− x2·3

2t+1+3t+1+1

a32t+2+3t+1+1
+ x2

a−32t+2+3t+1+3

)
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The General Case

Case 1:

S0 = { j | 0 < j < 3n−1,wt(j)+wt(3k j) = wt((3k+1)j), 2wt(−jd) = wt(−(3k+1)j)+2 }

Case 2:

S1 = { j | 0 < j < 3n−1,wt(j)+wt(3k j) = wt((3k+1)j)+2, 2wt(−jd) = wt(−(3k+1)j) }
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Some Notation

n, k odd, gcd(n, k) = 1

0 < w < n, wk ≡ 1(mod n)

A = {0, k , 2k, · · · , (w − 1)k}(mod n)
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Case 1

U0 = { j | jik = 1 for w 6 i 6 n − 1, jik = 0 for i ∈ {0,w − 1},
jik ∈ {0, 2} for 1 6 i 6 w − 2,

and no consecutive 2’s in {jik}w−2i=1 }

U1 = { j | jik = 1 for 0 6 i 6 w − 1, jik = 0 for i ∈ {w , n − 1},
jik ∈ {0, 2} for w + 1 6 i 6 n − 2,

and no consecutive 2’s in {jik}n−2i=w+1 }
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Case 1 (Cont.)

If |A ∩ {n − k , n − k + 1, · · · , n − 1}| is even, then

S0 =
⋃

j∈U0
Cj ,

|S0| = n
((

1+
√
5

2

)w
−
(
1−
√
5

2

)w)
/
√

5.

If |A ∩ {n − k , n − k + 1, · · · , n − 1}| is odd, then

S0 =
⋃

j∈U1
Cj ,

|S0| = n

((
1+
√
5

2

)n−w
−
(
1−
√
5

2

)n−w)
/
√

5.
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Case 2

V0 = { j | jik = 1 for w 6 i 6 n − 1,

jik = 2 for i = 0, jik = 0 for i ∈ {1,w − 1},
jik ∈ {0, 2} for 2 6 i 6 w − 2,

and no consecutive 2’s in {jik}w−2i=2 }

V1 = { j | jik = 1 for 0 6 i 6 w − 1, jik = 0 for i ∈ {w , n − 2},
jik ∈ {0, 2} for w + 1 6 i 6 n − 3, jik = 2 for i = n − 1,

and no consecutive 2’s in {jik}n−3i=w+1 }
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Case 2 (Cont.)

If |A ∩ {n − k , n − k + 1, · · · , n − 1}| is even, then

S1 =
⋃

j∈V0
Cj ,

|S1| = n

((
1+
√
5

2

)w−1
−
(
1−
√
5

2

)w−1)
/
√

5.

If |A ∩ {n − k , n − k + 1, · · · , n − 1}| is odd, then

S1 =
⋃

j∈V1
Cj ,

|S1| = n

((
1+
√
5

2

)n−w−1
−
(
1−
√
5

2

)n−w−1)
/
√

5.
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The Coefficients

If j ∈ S0, then σ(j)σ(−jd) = 2N2(j)+1.

If j ∈ S1, then σ(j)σ(−jd) = 2N2(j).
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Main Results

If |A ∩ {n − k , n − k + 1, · · · , n − 1}| is even, then

g(x) =
∑
j∈U0

Trn1

(
(−1)N2(j)+1η(a)ajx−jd

)
+
∑
j∈V0

Trn1

(
(−1)N2(j)η(a)ajx−jd

)
,

((
1+
√
5

2

)w+1
−
(
1−
√
5

2

)w+1
)
/
√

5 trace terms.
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Main Results (Cont.)

If |A ∩ {n − k , n − k + 1, · · · , n − 1}| is odd, then

g(x) =
∑
j∈U1

Trn1

(
(−1)N2(j)+1η(a)ajx−jd

)
+
∑
j∈V1

Trn1

(
(−1)N2(j)η(a)ajx−jd

)
,

((
1+
√
5

2

)n−w+1
−
(
1−
√
5

2

)n−w+1
)
/
√

5 trace terms.
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Example 1

n = 8, k = 7

d = 1094, w = 7

|A ∩ {n − k, n − k + 1, · · · , n − 1}| = 6

U0 = {00000010, 00002010, 00020010, 00200010, 00202010,
02000010, 02002010, 02020010, 20000010, 20002010, 20020010,
20200010, 20202010}
V0 = {00000012, 00002012, 00020012, 00200012, 00202012,
02000012, 02002012, 02020012}
The Coulter-Matthews bent function over F38 is Tr(ax1094).

g(x) =
∑
j∈U0

Trn1 ((−1)N2(j)+1η(a)ajx−1094j)

+
∑
j∈V0

Trn1 ((−1)N2(j)η(a)ajx−1094j).

21 trace terms
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Example 2

n = 9, k = 7

d = 1094, w = 4

|A ∩ {n − k, n − k + 1, · · · , n − 1}| = 3

U1 = {010101001, 010121001, 012101001, 210101001, 210121001}
V1 = {010101201, 012101201, 210101201}
the dual function g(x) of the Coulter-Matthews bent function
Tr(ax1094) over F39

g(x) =
∑
j∈U1

Trn1 ((−1)N2(j)+1η(a)ajx−1094j)

+
∑
j∈V1

Trn1 ((−1)N2(j)η(a)ajx−1094j).

8 trace terms
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Four Special Cases

k |n + 1 and k > 1

k |n − 1 and k > 1

(n − k)|n + 1 and 1 < k < n − 1

(n − k)|n − 1 and 1 < k < n − 1
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The Fibonacci Sequence

The number of trace terms:

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, ...
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An Open Problem

|A ∩ {n − k, n − k + 1, · · · , n − 1}|: even or odd?

A = {0, k , 2k, · · · , (w − 1)k}(mod n)
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Thanks for your attention!
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