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Walsh Transform

f(x) is a function from Fpn to Fp.
@ Its Walsh transform ?()\) is defined by

/)E(/\) _ Z w;(x)—Tr{'(AX)'

XG]Fpn

Tr{(-) is the trace function from F,» to Fp.

Wwp = e2m™/P is the complex primitive p-th root of unity.
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Bent Functions

o If R
[F(N)? = p"

for all A € Fpn, then f(x) is called a p-ary bent function.

@ Boolean bent functions: p = 2, then n even.
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(Weakly) Regular Bent Functions

@ A p-ary bent function f(x) is called regular if there exists a p-ary
function g(x) from Fn to F,, such that

() = phug.

@ g(x): the dual function of f(x)

o p =2: regular
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(Weakly) Regular Bent Functions (Cont.)

@ A p-ary bent function f(x) is called weakly regular if there exists a
complex number u with |u| = 1 such that

f(\) = upiwg(k).

@ g(x): the dual function of f(x)
o u==1,+i
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All Known p-Ary Dual Functions

n Forms Year
odd arbitrary Tri(az”),a € F3n 2006
odd 2m Tri{arP” 1) a+af” #0 1992, 2006
odd arbitrary T"T(“zy:_lf 10 €Fp. 2006, 2007
peed2n) — 1 fE= —ind(a) (p! — 1)
odd arbitrary Tri{ac? 1), a € Fyn, gogimy 0dd 2007
TrT(a;r“3 _1’)
3 2m a€Fin.m>1,ged{t,3m +1)=1 2006, 2010
TP (z4a® ™ H1237 -1y
Poeram Y3 =0
g
odd am Trl (el TP L T 2010
Tri(azf" — 1)+ Tri(ba'® —D/T)
p=3mod 4 | 2m, m odd aEF‘;,}‘{:EF‘;z‘V:{l‘&EQ,-‘-‘fp } 2011
E:‘EV“‘;—V;\[GZP I (e "
T,.meu?“ -1y 4+ bz —1)/2
odd Im a € Fpn beFp ged{t,p™ +1) =1 2012
TrPiz4aP Hipp™ =1y —b
ZT&FI‘m wp ! =2/ (“"g +uwp )
an—1 m x ™ ,
3 2m, m odd Trifaz—a T2 1), a = §@7+/4 2006, 2009, 2012
T T (@ 1) + Trd (bl -07%)
elig+1),ai € Fpn, b€ Fp, U = {z € Fpm 1 2P 1 =1} i
i 2 1= minf{k > 0 : kjn, el (p* — 1)} 2013
= Trp (T e ™ =0 e (02" ) pgag)
Lozl P St
3 arbitrary Tr’l‘(a.r[S*'H"2)‘gcd[k,2ﬂ) =1 2008, 2015, 2018
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The Coulter-Matthews Bent Function

e 1997, Coulter and Matthews

o [F3n

o ged(2n, k) =1, d = 352

o f(x) = Tr{(ax?) is bent for any a € F%,
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The Coulter-Matthews Bent Function (Cont.)

Weakly regular

@ In 2006, Helleseth and Kholosha conjectured that the
Coulter-Matthews bent functions are weakly regular bent.

@ In 2008, this conjecture was proved in two special cases by Hou.
(k=n+1lork=n-1)

o Completely settled in 2009 by Helleseth, Hollmann, Kholosha, Wang,
and Xiang.
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The Coulter-Matthews Bent Function (Co

Dual function, k =n+1or k = n—1, Hou, 2008

1 qn+l .
Corollary 3.3. Let n > 0 be even and a € F3,. Then Tr(ax LG Uy is a weakly regular bent
Junction on F3n whose dual is given by

2 ) 3 .
ey i — a3+ a?x% has 1 or 9 roots in Fan,

£(B)= b? B3
=Tr(7) ifx—7-x° +a’x? has 3 roots in Fy.
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A Universal Formula

2015

Theorem 1

For any a € F3, and A € F3n, we have

Z w3Tr1"(a><d+>\x) ( )n-l—ln(a) n g( )3”/2

X€F3n

where 1 is the quadratic character of F3n, and

fN=na) X ol ()

Jowt(j)+wt(—jd)=n+1

where a/\? =0 if A = 0.
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A Universal Formula (Cont.)

o qg=p"

@ Forany0< k<qg—1,let k=ky+kip+---+ kn_1p" ! be the
p-adic representation of k, where 0 < k; < pfor i =0,1,...,n—1.

o wt(k) =ko+ ki + -+ kn—1

@ o(k)=kolki! - kn_1!

e For any j, wt(j) = wt(j), and o(j) = o(j), where 0 < j < ¢ — 1 and
j=Jj (mod g—1).
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Regular Bent

2015

If n is even and n(a) = —(—1)"/?, then Tr'(ax?) is a regular bent
function.
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Two Constructions of Simple Form

e 2015
4 an
e n=3t+1,k=2t+1with t > 1, a € F3,, the new bent function is

X
_ n
f(X) =1Tn <_ R B 2—320+30+1 + -3 434 ]

X32t+1+3t+1+2 X32t+1 2 >

o Degree: 4
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Two Constructions of Simple Form (Cont.)

e 2015
4 an
e n=3t+2,k=2t+1with t > 1, a € F3,, the new bent function is

X
_ n
f(X) =Tn <_a32t+23t+1+3 - 322430141 + 5—320+2436143

X32t+2+1 X2.32t+1+3t+1+1 2 )

o Degree: 4
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Gauss Sums over Finite Fields

e : P(x) = wgﬂ(x), additive character
e x: multiplicative character of Fq

e For any multiplicative character x over Fg, the Gauss sum G(x) over
[Fy is defined by

G(x) =D ¥(x)x(x).

x€Fq
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Prime ldeal Factorization

Llwp, wq_1]

(W)AV w1

Lwpl Llwg-1]

(P)}\ /@2"%

Z
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Algebraic Integer Rings

In Z: pis a prime number (can not be factored).

In Z: (p) is a prime ideal.

In Z[wp]: let 7 = wp — 1, () is a prime ideal.
In Zlwgl: (p) = (7)1 in Zlw,).

In Zwp, wg—1]: (1) = A1 Az - A¢ in Z]wp, wg—1], where A; are
prime ideals in Z[wp,wq—1], and t = ¢(q — 1)/n.
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Algebraic Integer Rings and Finite Fields

e For each A;, Z[wp,wg-1]/Ai = Fq
@ There exists one multiplicative character x on F, satisfying

X(x) (mod A) = x

where x € Z|wp, wqg—1]/A = Fg.
@ This character is called the Teichmuller character, and we denote it
by Xp-
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Gauss Sums Again

@ For any x € Fq, 9(x) € Z[wp).
e For any x € Fq, x(x) € Z[wg-1].

° G(X) = Xxer, Y()X(x) € Zwp, wg-1]

Honggang Hu Coulter-Matthews Bent Functions July 3, 2018 20 / 41



Stickelberger's Theorem

For any 0 < k < g — 1, we have

i

=3
—

==
~

Let e = |wt(k)/(p—1)].
Then peHG(Xp_k) for any 0 < k < g — 1 by Stickelberger’s theorem.
Because (1) = A1 Az - - - A, we have

wt(k)
G ") =~y (mod VALOAE

forany 0 < k< qg—1.
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One Lemma

2015

Lemma 3

1) wt(j) + wt(—jd) = n forany 0 < j < 3" —1, and j = (3" — 1)/2 is the
only value such that wt(j) + wt(—jd) = n.

2) Moreover, wt(j) + wt(—jd) = n+ 1 if and only if one of the following
two conditions holds:

(i) wt(j) + Wt(3k ) = wt((3% + 1)j) and 2wt(—jd) = wt(—(3K + 1)) + 2;
(i) wt () + wt(3Kj) = wt((3% + 1)j) + 2 and 2wt(—jd) = wt(—(3* + 1)j).
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Cyclotomic Cosets Modulo 3" — 1

For any 0 < s < 3" — 1, let ns be the smallest positive integer such
that s = s3"(mod 3" — 1).

The cyclotomic coset Cs modulo 3" — 1 is defined to be the set

Cs = {s,3s,...,3™ " 1s}.

Assume that s is the smallest integer in Cs. Then s is called the coset
leader of Cs.

@ n = 2, the cyclotomic cosets modulo 8 are:

CO = {0}7 Cl = {173}7 C2 = {276}7 C4 = {4}a C5 = {5a7}'

{0,1,2,4,5} are coset leaders modulo 8.

Honggang Hu Coulter-Matthews Bent Functions July 3, 2018 23 /41



The Main Problem

{10 <j < 3" — 1, wt(j) + wt(—jd) = n + 1}?

Complicated computation!
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2015
oen=3t+1 k=2t+1witht>1
o d= (31 +1)/2
o y=3¥;1 33 _32t_3t
° V:%_33t_32t+3t—1
° W:Lz—l_33t_32t—1+3t—l

CUGC UG, = |0 <j<3"— 1, wt(j) + wt(—jd) = n+ 1}

2t+1 , ot+1 2t
° g(X) _ Tr" _X3 +3 +2 N X3 +1 + X2
1 a32t+l+3t+l+1 a,32t+3t+1 a,32t+l+3t+l+1
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Two Nice Cases (Cont.)

2015
e n=3t+2 k=2t+1witht>1
o d= (31 +1)/2
° u:%_33t+1_32t+1_3t
° V:%_33t+1_32t+1+3t
° W:Lz—l_33t+1_32t+3t—l

CUGC UG, = |0 <j<3"— 1, wt(j) + wt(—jd) = n+ 1}

o ( ) _ Ty K32 K232t yattl g 2
g\x)=1n JRtF2 3113 PRI NS S 3223l 3
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The General Case

Case 1:

So={Jj|0<j<3"—1,wt(j)+wt(3")) = wt((3“+1)j), 2wt(—jd) = wt(—(3"+1)j)+2 }

Case 2:

S ={j]0<j<3"—1,wt(j)+wt(3")) = wt((3*+1)j)+2, 2wt(—jd) = wt(—(3"+1))) }

Honggang Hu Coulter-Matthews Bent Functions July 3, 2018 27 / 41



Some Notation

@ n, k odd, ged(n, k) =1
@ 0<w< n, wk=1(mod n)
o A=1{0,k,2k, -+, (w—1)k}(mod n)
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U = {Jjljxk=1forw<i<n—1, jx=0forie{0,w—1},
Jik €{0,2} for 1 < i< w—2,

and no consecutive 2's in {jx}¥ % }
U = {jljx=1fr0<i —1j,-k:0fori€{w,n—1},

J/k6{02}forw+1 n—2

and no consecutive 2's in {_j,k} w+1 }
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Case 1 (Cont.)

If [An{n—k,n—k+1,---,n—1}| is even, then

+ ts1=n((55)" - (55)") 5

If [ANn{n—k,n—k+1,--- n—1}| is odd, then
e SO:UjEUl Q’

aten (7 ()
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Vo = {Jjljk=1forw<i<n-—1,
Jik =2 for i =0, ji =0 for i€ {1,w—1},
jxk€{0,2} for2<i<w—2,

and no consecutive 2's in {jx}¥5 }

Vi = {jljk=1for0<i<w-—1, ju=0forie{w,n—2},
Jik €{0,2} forw+1<i<n—-3, ju=2fori=n—-1,
and no consecutive 2's in {j"k}?:_v?ﬂrl
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Case 2 (Cont.)

If [An{n—k,n—k+1,---,n—1}| is even, then
° 51 =Ujey, G

w—1 w—1
o 15l =n((255)" - (:55)") 1.
If [An{n—k,n—k+1,--- ,n—1} is odd, then
° 5 = Ujevl G,
n—w—1 n—w—1
o 1sil=n((35)" - (155) ) v
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The Coefficients

e If j € Sy, then o(j)o(—jd) = N2 (j)+1
e If j € 51, then o(j)o(—jd) = oN2(j)
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Main Results

If [An{n—k,n—k+1,---,n—1}| is even, then
°

Z Tr{ ( 1)Ne0)+1 (a)ajx_jd>

J€Wo

+ 30 T ()"0 (a)alx ),

JEV0

° <(1+2x/§) Wil (1—2\/5) W+1> //5 trace terms.
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Main Results (Cont.)

If [AN{n—k,n—k+1,--- ,n—1}| is odd, then
()

gl = Y T ((~1)M0 (a)alx )

jeUr

+ 30 T ()"0 (a)alx ),

JEVL

° <(1+2\/§)n_w+1 — (1—2\/§)n_w+1> //5 trace terms.
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Example 1

n=8 k=7

d=1094, w=7

An{n—kn—k+1,--- n—1}|=6

Up = {00000010, 00002010, 00020010, 00200010, 00202010,
02000010, 02002010, 02020010, 20000010, 20002010, 20020010,
20200010, 20202010}

Vo = {00000012, 00002012, 00020012, 00200012, 00202012,
02000012, 02002012, 02020012}

1094)_

@ The Coulter-Matthews bent function over F3s is Tr(ax
°
g(x) Z T ((— 1)N2(J)+177(a) 10941)
Jj€lo
+ ) T((—1)MU)p(a) 2l x710%).
JEVD

@ 21 trace terms
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Example 2

n=9 k=7

d=1094, w =4

An{n—kn—k+1,---,n—1}| =3

U; = {010101001, 010121001, 012101001,210101001,210121001}
Vi ={010101201, 012101201,210101201}

the dual function g(x) of the Coulter-Matthews bent function
Tr(ax1%9%) over F3o

]
g(x) = Y TH((-1)"0*y(a)dx19%)
J€U
+ ) T((—1)MUp(a)alx710%).
JEVL

@ 8 trace terms
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Four Special Cases

® kln+1and k >1
@ kln—1and k>1
o (n—k)ln+landl<k<n-1
e (n—k)jn—landl<k<n-—1
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The Fibonacci Sequence

The number of trace terms:

1,1,2 35,8, 13, 21, 34, 55, ...
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An Open Problem

o |[An{n—k,n—k+1,--- ,n—1}|: even or odd?
o A={0,k,2k,---,(w—1)k}(mod n)
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