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Self-Dual codes

¢ Binary self-dual codes & Additive self-dual codes over GF'(4)
e Common points

1. Type |, Type ll
2. Shadow codes



Upper bounds of minimum distance

Theorem

(Rains) Let C be an [n,n/2,d] self-dual binary code. Then

d <4[n/24] 4+ 4 ifn #£ 22 (mod 24). Ifn = 22 (mod 24), then

d < 4[n/24] + 6, and if equality holds, C' can be obtained by
shortening a Type Il code of length n + 2. If 24|n and d = 4[n/24] + 4,
then C' is Type II.

Theorem

(Rains) Let C be an (n,2"™,d) additive self-dual code over GF(4). If C
is Type I, thend < 2[n/6] + 1 ifn =0 (mod 6),d < 2[n/6] +3ifn =5
(mod 6), and d < 2[n/6] + 2 otherwise. If C is Type Il, then

d < 2[n/6] + 2.

A code meeting the bound, i.e., equality holds in the bound, is called
extremal.



Extremal Type I

3 systematic nonexistence proof

Theorem

(Zhang) Let C be an extremal binary Type Il code of length

n = 24m + 8¢. Then the code C do not exist if m > 154 (for¢ = 0),
m > 159 (for ¢ = 1), and m > 164 (for ¢ = 2).

Theorem

Let C be an extremal Type Il additive self-dual code over GF(4) of
length n. Then the code C do not exist if n = 6m (m > 17),
n=06m+2(m>20),n==6m+4(m > 22).

Proof.
The proof is the same as the ones of Type IV Hermitian self-dual
linear codes over GF'(4). The same Gleason polynomials.



Near-Extremal Type I

Definition

(Han, Kim) Near-extremal Type Il code
® binary case: if d = 4[n/24]
® additive case: if d = 2[n/6]

Theorem
(Han, Kim) There is no near-extremal code with length n for

® binary case: n = 24i(i > 315),24i + 8(i > 320), 247 + 16(: > 325)
® additive case: n = 6i(i > 38),6i + 2(i > 41),67 + 4(i > 43)



How about Type | ?

Extremal code : No such proof for the nonexistence proof.
Near-extremal code : No definition for the codes.



Type | codes with minimal shadow

Definition

(Bouyuklieva, Willems) Let C be a Type | binary self-dual code of
length n = 24m + 8¢+ 2rwith¢=0,1,2and r =0,1,2,3. Then C'is a
code with minimal shadow if:

1. d(S) = r for r > 0; and
2. d(S)=4forr =0,
where d(S) is the minimum weight of S.
Definition
(Han) Let C be a Type | additive self-dual code over GF'(4) of length
n=6m+r(0 <r <5). Then C is a code with minimal shadow if:

1. d(S)=1ifr >0;and
2. d(S)=2ifr =0,
where d(S) is the minimum weight of S.



Extremal Type | codes with minimal shadow

® binary case: nonexistence proof for some codes
¢ additive case: nonexistence proof for some codes



Near-extremal Type | codes

Definition
Let C be a [n,n/2,d] Type | binary self-dual code. Then C'is a
near-extremal code if:

1. d =4[n/24] + 2 for n # 22 (mod 24); and

2. d=4[n/24] + 4 for n = 22 (mod 24).

Definition

Let C be an (n,2",d) Type | additive self-dual code over GF'(4). Then
C'is a near-extremal code if C is Type | and d = 2[n/6] if n =0

(mod 6), d = 2[n/6] +2ifn=>5 (mod 6), and d = 2[n/6] + 1
otherwise.



Near-extremal Type | codes with minimal shadow

® binary case: nonexistence proof for some codes
e additive case: nonexistence proof for some codes
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Extremal Type | binary self-dual codes with
minimal shadow

e (GF(2) : Finite Field of order 2

A linear code : GF(2)-subspace C C GF(2)"

Inner Product : for x,y € GF(2)", x-y = 2141 + - + ZnYn.

Dual code : C*+ = {x € GF(2)" |x-c=0,Vc e C}

Self-dual : C = C+
Type Il : if the weights of all codewords are divisible by 4
Type | : otherwise



Extremal Type | binary self-dual codes with
minimal shadow

Theorem

(Rains) Let C be an [n,n/2,d] self-dual binary code. Then

d <4[n/24] 4+ 4 ifn #£ 22 (mod 24). Ifn = 22 (mod 24), then

d < 4[n/24] + 6, and if equality holds, C' can be obtained by
shortening a Type Il code of length n + 2. If 24|n and d = 4[n/24] + 4,
then C' is Type Il.

- A code meeting the bound, i.e., equality holds in the bound, is called
extremal.

- 3 systematic nonexistence proof

Theorem

(Zhang) Let C' be an extremal binary Type Il code of length

n = 24m + 8¢. Then the code C do not exist if m > 154 (for¢ = 0),
m > 159 (for¢ = 1), and m > 164 (for ¢ = 2).

- Shadow code



Extremal Type | binary self-dual codes with
minimal shadow
Shadow code

e let C'(©) be the subset of C consisting of all codewords whose
weights are multiples of 4

e letc® =c\CO

S=50C)=
{ue GF2)": (u,v) =0forallv e O (u,v) =1forallv e C¥}.

Lemma
(Conway, Sloane) Let C be a Type | binary self-dual code of length n
and minimum weight d. Let S(y) = >_"_, biy" be the weight
enumerator of S(C). Then:

1. by =0

2. b;<1fori<d/2



Extremal Type | binary self-dual codes with

minimal shadow
Let C be a Type | binary self-dual code of length n = 24m + 8¢ + 2r
where £ =0,1,2and r =0,1,2, 3.

[n/8]
Welz,y) = Y ei(a? + 52211 a2 (@ — )2}
i=0
[n/8] , _ _ '
Ws(a,y) = Y (=1)72"2 Sy (ay)"/ 24 (@t — )%,
i=0
=
12m-4-444r ' 3m+4L ‘ ‘
We(l,y) = Z ajym — Z ci(l+y2)12m+4€+7'—4z{y2(1_y2)2}z'
7=0 i=0
6m—+2¢ 3m+-£

WS(lvy) — Z bjy4j+r — Z (_l)ici 212m+4£+r—61’y12m+42+r—4i(1_y4)2i.
§=0 i=0



Extremal Type | binary self-dual codes with
minimal shadow

3m—+~L—1

%
c=y agaj= Y Bib;.
7=0 j=0

Q0 = —% [coeff. of 4"~ in (14 y)"(W/2-1H4iq y)—Zi:|

k-
Bij = (—1)12’5“’”7,3 <

k+i—j—1
3 )

k—i—j
where k = 3m + /.



Extremal Type | binary self-dual codes with
minimal shadow

Definition
Let C be a Type | binary self-dual code of length n = 24m + 8¢ + 2r
withZ=10,1,2and r =0, 1,2,3. Then, C is a code with minimal
shadow if:

1. d(S) =rforr > 0and

2. d(S)=4forr=0
where d(S) is the minimum weight of S.



Extremal Type | binary self-dual codes with
minimal shadow

Let C be an extremal Type | binary self-dual code with a minimal
shadow of length n.

® Fora;,we have agp =1,a1 =as =+ = ag;ms1 = 0.

® Moreover, if n = 22 (mod 24), then as;42 = 0.
bp=1if(i)r=1andm >0and (i) r=2,3and m > 1.
bp=0,bp =1ifr=0and m > 2.

Ifr>0thenb, =by;=---=b,,_1 =0.

lfr=0thenby =b3=---=b,,_1 =0.

* Moreover, if n = 24m + 81 + 2, then b,,, = 0.



Extremal Type | binary self-dual codes with
minimal shadow

Lemma

1. Ifn = 24m +2 (m > 0), thenc; = g for0 < i < 2m + 1, ¢; = Bio for2m < i < 3m.

2. Ifn=24m +4 (m > 1), thenc; = a;o for0 < i < 2m + 1, ¢; = B,0 for
2m +1 < i < 3m.

3. fn=24m +6 (m > 1), thenc; = a;o for0 < i < 2m + 1, ¢; = B,o for
2m+1 <4 < 3m.

4. Ifn=24m + 8 (m > 2), thenc; = ao for0 < i < 2m + 1, ¢; = B;1 for
2m +2 < i< 3m+ 1.

5. Ifn=24m + 10 (m > 0), thenc; = a;o for0 < i < 2m + 1, ¢; = Bio for
2m+1<i<3m+ 1.

6. Ifn=24m + 12 (m > 1), thenc;, = a;o for0 < i < 2m + 1, ¢; = Bio for
2m+2<i<3m+ 1.

7. Ifn=24m + 14 (m > 1), thenc; = a;o for0 < i < 2m + 1, ¢; = Bio for
2m+2<i<3m+ 1.

8. Ifn=24m + 16 (m > 2), thenc; = a;o for0 < i < 2m + 1, ¢; = B4 for
2m+3 < i< 3m+2.

9. Ifn=24m + 18 (m > 0), thenc; = a0 for0 < i < 2m + 1, ¢; = B;o for
2m +2 < i< 3m+ 2.

10. /fn=24m + 20 (m > 1), thenc; = a;o for0 < i < 2m + 1, ¢; = Byo for
2m +3 < i < 3m + 2.

1. Ifn=24m + 22 (m > 1), thenc;, = a0 for0 < i < 2m + 2, ¢; = Bso for
2m +3 < i < 3m + 2.



Extremal Type | binary self-dual codes with
minimal shadow

Theorem

Let C' be an extremal Type | binary self-dual code of length n. with minimal
shadow. Then, the weight enumerator of C' is unique if
n # 24m + 16, 24m + 20.

Theorem

(Bouyuklieva, Willems) Extremal self-dual codes of lengths

n = 24m + 2,24m + 4, 24m + 6, 24m + 10 and 24m + 22 with minimal
shadow do not exist.

Theorem
(Bouyuklieva, Willems) There are no extremal Type | binary self-dual codes of
length n with minimal shadow if

1. n=24m + 8 andm > 53;

n =24m + 12 and m > 142;
n = 24m + 14 and m > 146;
n = 24m + 16 and m > 164;
n = 24m + 18 and m > 157.

o kDN



Extremal Type | binary self-dual codes with
minimal shadow

Remark

Currently, n = 24m + 20 is the unique untouched code length for the
nonexistence or an explicit bound for the length n of an extremal Type
| binary self-dual code with minimal shadow.



Near-extremal Type | binary self-dual codes with
minimal shadow

Definition
Let C be an [n,n/2,d] Type | binary self-dual code. Then, C'is a
near-extremal code if:

1. d =4[n/24] + 2 for n # 22 (mod 24); and
2. d=4[n/24] + 4 for n = 22 (mod 24).



Near-extremal Type | binary self-dual codes with
minimal shadow

Let C be a near-extremal Type | binary self-dual code with minimal
shadow.

® qp=1,a0 =a,=---=ag, =0.

® Moreover, if n = 22 (mod 24), then ag,,+1 = 0.
bp=1if(i)r=1,2andm > 1 (i) r = 3, n # 22 (mod 24), and
m > 2 (ii)yr =3, n =22 (mod 24),and m > 1

In addition, by = 0,6, = 1ifr =0and m > 2.
Ifr=1,20orr=3andn =22 (mod 24), then
by=by=---=b,_1=0.

Ifr=3andn # 22 (mod 24),then by = by = -+ = b,,,—2 = 0.
Furthermore, if r =0, then by = b3 = --- = b,,_1 = 0.



Near-extremal Type | binary self-dual codes with
minimal shadow

Lemma
Using the above notations, we have the following results:

1. Ifn=24m (m > 2), thenc; = a;o for0 < i < 2m, ¢; = Bi1 for2m +1 < i < 3m.
Ifn=24m + 2 (m > 1), thenc; = a;o for0 < i < 2m, ¢; = Bip for2m +1 < i < 3m.
Ifn=24m 44 (m > 1), thenc, = a;o for0 < i < 2m, c; = Bio for2m+1 <1 < 3m.

Ifn=24m 46 (m > 2), thenc, = a;o for0 < i < 2m, ¢c; = Bio for2m +2 < i < 3m.

Ifn:24m+8(m22),”76!761':aiQfOfOSiSQM,Ci:,Bil for

2m+2 <4< 3m+ 1.

6. Ifn=24m + 10 (m > 1), thenc;, = a0 for0 < ¢ < 2m, ¢; = Byo for
2m +2 <i<3m+ 1.

7. Ifn=24m + 12 (m > 1), thenc; = a;o for0 < i < 2m, ¢; = Bio for
2m+2<i<3m+ 1.

8. Ifn=24m + 14 (m > 2), thenc; = a;o for0 < i < 2m, ¢; = Bio for
om +3<i<3m+ 1.

9. Ifn=24m + 16 (m > 2), thenc; = a;o for0 < i < 2m, ¢, = Bi1 for
2m+3<i<3m+ 2.

10. Ifn=24m + 18 (m > 1), thenc; = a;o for0 < i < 2m, ¢, = Bio for
2m+3<i<3m+2.

1. Ifn=24m + 20 (m > 1), thenc; = a0 for0 < i < 2m, ¢; = Byo for
2m +3 <4< 3m+ 2.

12. Ifn=24m + 22 (m > 1), thenc; = a0 for0 < i < 2m + 1, ¢; = Byo for

2m +3 < i < 3m + 2.

o koD



Near-extremal Type | binary self-dual codes with
minimal shadow

Theorem

(Bouyuklieva, Harada, Munemasa) Let C' be a near-extremal Type |
binary self-dual code with minimal shadow of length n. Then, we
have the following:

1. The weight enumerator of C' is uniquely determined if
n = 24m + 2,24m + 4, 24m + 10.
2. The code C does not exist if:

21 n=24m + 2 andm > 155
2.2 n=24m + 4 andm > 156
2.3 n=24m + 10 and m > 160



Near-extremal Type | binary self-dual codes with
minimal shadow

Theorem
(Han) Let C be a [24m, 12m,4m + 2] near-extremal Type | binary
self-dual code with minimal shadow. Then, we have the following:

1. The weight enumerator of C' is uniquely determined.
2. The code C does not exist if m > 323.

Proof.

If n=24m (m > 2),then ¢; = a;o for 0 < i < 2m, ¢; = B4 for

2m +1 <1 < 3m. If m = 1, then n = 24. For this case, there is a
unique near-extremal Type | code. The weight enumerator is the
following: We(1,y) = 1 + 64y5 + 375y® + 960y'Y + 1296y'2 + - - -.
Ws(1,y) = 6y* + 744y® + 2596y'2 + - - -. We can see that the code
has minimal shadow. This proves the first statement. O



Near-extremal Type | binary self-dual codes with
minimal shadow

Proof.
For the second statement,

Com = Qam,0 = ﬂ2m,1 + 52m,mbm' (1)
b = Bamn i (Q2m.0 = Bam.1)- )
5m —1 3m—1/5m —2
52m,m:17a2m,0:6(m_1>aﬂ2m,1:2Tn<m_1). (3)
5m — 1 3m—1/5m —2
= - . 4
bm 6<m—1) 2m <m—1> “



Near-extremal Type | binary self-dual codes with
minimal shadow

Proof.
Com—1 = Q@2m—1,0 = B2m—1,1 + Bam—1,mbm + B2m—1,m+10m41- (5)
bmt1 = 52_"1,1,,,#1(0(2"%1,0 — B2m—1,1 — Bem—1,mbm). (6)
Bam—1,mt1 = —27°, )

©)

Bam—1,1 = —2

el [ (ed R s [ R GRS TH R RN W1 K

,GX;Zii(Smff‘:) Bom 1m__

 64(6m — 1)(5m — 1)(5m — 3)!
b1 = (4m + 4)!(m — 1)! o(m), (10)

ho(m) = —64m® + 20640m* — 9388m> + 582m? — 49m — 3. (11)

We can see that ho(m) < 0if m > 323. O



Extremal Type | additive self-dual codes over
G F(4) with minimal shadow

e (GF(4) : Finite Field of order 4
¢ An additive code : GF(4)-subgroup C C GF(4)"

® Hermitian Trace Inner Product : for x,y € GF(4)",
ukV = Z:.L:l Tr(u;v;?) = Z;;l(uivi? +u;v;)  (mod 2).

* Dualcode : C*+ ={uec GF(4)" |luxc=0,Vce C}

e Self-dual : C' = C+
¢ Type Il : if the weights of all codewords are divisible by 2
* Type | : otherwise



Extremal Type | additive self-dual codes over
G F(4) with minimal shadow

Theorem

(Rains) Let C be an (n, 2™, d) additive self-dual code over GF(4). If C is Type
I, thend < 2[n/6]+ 1ifn =0 (mod 6),d < 2[n/6] + 3 ifn =5 (mod 6), and
d < 2[n/6] + 2 otherwise. If C is Type I, then d < 2[n/6] + 2.

= A code that meets the appropriate bound is called extremal.

Theorem

Let C be an extremal Type Il additive self-dual code over GF(4) of length n.
Then, the code C does not exist ifn = 6m (m > 17), n = 6m + 2 (m > 20),
andn = 6m+4 (m > 22).

Proof.
The proof is the same as the ones for Type IV Hermitian self-dual linear
codes over GF'(4) O

= Shadow code



Extremal Type | additive self-dual codes over
G F(4) with minimal shadow
Shadow code

¢ let C'©) be the subset of C consisting of all codewords whose weights
are multiples of 2

S =Cy\C.
® Alternately, it can be defined as:

S={ueGF4)" |uxv=_0forallv € Co, uxv=1forallve C\Co}.

Lemma
Let C be a Type | additive self-dual code over GF'(4) and S be the shadow
code of C. Ifu,v € S, thenu +v € C.

Lemma
Let C be an additive self-dual code over GF (4) of length n and minimum
weightd. Let S(y) = >."_, Bry" be the weight enumerator of S. Then:

1. Bo=0
2. B, <1lforr<d/2



Extremal Type | additive self-dual codes over
G F(4) with minimal shadow

Let C be a Type | additive self-dual code over GF(4).

n/2]
Wol(z,y) =Y cile+y)" *{ylz — )},
=0
m2 | ‘
Ws(z,y) = Y (=1)"2" Fey" > (2 — 3?)"
=0
=
n/2] |
Z%y = Z ci(1+9)" 2 {y(1 —y)Y’
n/2] /2]

Z b y2]+t Z )i2n73iciyn72i(l _ y2)i.

=0



Extremal Type | additive self-dual codes over
G F(4) with minimal shadow

[n/2]—1

i
=) aiai= ), Biibs
Jj=0 =0
Q0 = —Q [Coeff. of ¥~ 1 in (14y) " 121 - y)_l]
i

Bij = (—1)"2%~" <k Z.j>,

where k = [n/2].



Extremal Type | additive self-dual codes over
G F(4) with minimal shadow

Definition
(Han) Let C be a Type | additive self-dual code over GF(4) of length
n =6m+ r(0 <r <5). Then, C is a code with minimal shadow if:

1. d(S)=1ifr > 0;and
2. d(S)=2ifr =0,
where d(S) is the minimum weight of S.



Extremal Type | additive self-dual codes over
G F(4) with minimal shadow

Let C be an extremal Type | additive self-dual codes over GF'(4) with
minimal shadow of length n = 6m + r.

e r=0:
aozlanda1:a2:-~~:a2m20.
bOZO.blzlifmZ2.b2:b3=~-~:bm,1=0.
° r=13:
apg=1landa; =as =+ = agms1 = 0.
boZlif’l’l’LZl.blzbgz'“:bm,lzo.
°® r=24:
aozlanda1:a2:-~=a2m+1:0.
bOZO.blzlifmZQ.b2:b3=~'~:bm_1=0.
®r=5:
aozlandal:agz--~:a2m+2:0.

bp=1.by=by=---=by_1 =0b,, =0.



Extremal Type | additive self-dual codes over
G F(4) with minimal shadow

Lemma

Using the above notations, we have the following results:

1. Ifn=6m (m > 2), then ¢; = a;g for0 < i < 2m, ¢; = ;1 for
2m+1 <1< 3m.

2. Ifn:6m+1(m21),thenci=ozio f0r0§i§2m+1,ci=ﬁio
for2m +1 <4 < 3m.

3. Ifn=6m+2m>2),thenc;, =, for0<i<2m+1,¢; = B
for2m +2 <i<3m+1.

4. /fn:6m+3(m21), then c; = ajg fOI‘OSiSQm—&-l,ci:BiO
for2m+2<i<3m+1.

5. fn=6m+4(m>2),thenc;, =a; for0 <i<2m+1,¢; = B
for2m +3 <i<3m+ 2.

6. fn=6m+5(m>0),thenc; = a,o for0 <i<2m+ 2, ¢; = Bio
for2m +2 <1 <3m+2.



Extremal Type | additive self-dual codes over
G F(4) with minimal shadow

Theorem

Extremal Type | additive self-dual codes over GF(4) with minimal
shadows of lengths n = 6m,6m + 1,6m + 2,6m + 3, and 6m + 5 have
uniquely determined weight enumerators.

Theorem
Extremal Type | additive self-dual codes over GF'(4) with minimal
shadows of lengths n = 6m + 1 and n = 6m + 5 do not exist.

Theorem
There are no extremal Type | additive self-dual codes over GF'(4) with
minimal shadow if:

1. n=6m andm > 40;
2. n=6m-+2andm > 6;
3. n=6m-+3andm > 22.



Extremal Type | additive self-dual codes over
G F(4) with minimal shadow

Remark

Currently, n = 6m + 4 is the unique untouched code length for the
nonexistence or an explicit bound for the length »n of an extremal Type
| additive self-dual code over GF(4) with minimal shadow.



Near-extremal Type | additive self-dual codes over
G F(4) with minimal shadow

Definition

Let C be an (n,2",d) Type | additive self-dual code over GF'(4).
Then, C is a near-extremal code if C is Type l and d = 2[n/6] if n =0
(mod 6), d =2[n/6] +2ifn =5 (mod 6), and d = 2[n/6] + 1
otherwise.



Near-extremal Type | additive self-dual codes over
G F(4) with minimal shadow

Let C be a near-extremal Type | additive self-dual code over GF'(4)
with a minimal shadow of length n = 6m + r.

°* r=0:
aozlandal:a2:-~~:a2m,1:0.
bOZO.blzlifmZ?).b2:b3=~-~:bm,2=0.
e r=13:
apo=1landa; =ax = - =a9, =0.bg=1ifm > 1.
bi=by = =by_1=0.
°* r=24:
aozlanda1:a2:--~:a2m:0_
bOZO.blzlifmZQ.b2:b3=~'~:bm_1=0.
e r=25:
a():landalzag:'“:a2m+1:0.

b():lifle.blzbgz"':bm_lzo.



Near-extremal Type | additive self-dual codes over
G F(4) with minimal shadow

Lemma

Using the above notations, we have the following results:

1. Ifn=6m (m > 3),thenc; = oo for0 <i <2m — 1, ¢; = By for
2m+2 <3< 3m.

2. Ifn:6m—|—1(m21), then c¢; = ayo f0r0§i§2m,ci:ﬂio for
2m+1 <13 <3m.

3. fn=6m+2 (m>2),thenc; = ay for0 <i < 2m, ¢; = B;; for
2m+2 <:<3m+ 1.

4. Ifn=6m+3 (m> 1), thenc; = ay for0 <i < 2m, ¢; = B for
2m+2 <i<3m+ 1.

5. Ifn=6m+4 (m>2),thenc; = ag for0 <i < 2m, ¢; = B;; for
2m +3 <1< 3m+ 2.

6. fn=6m+5m>1),thenc; =, for0 <i<2m+1, ¢; = Bio
for2m +3 << 3m+ 2.



Near-extremal Type | additive self-dual codes over
G F(4) with minimal shadow

Theorem

Let C be an near-extremal Type | additive self-dual code over GF'(4)
with a minimal shadow of length n = 6m + 1. Then we have the
following:

1. The weight enumerator of C' is uniquely determined.
2. The code C does not exist if m > 22.

Proof.

fn=6m-+1(m>1),then ¢; = a;o for 0 < i < 2m, ¢; = B for

2m + 1 < i < 3m. If m = 0, then there is only one code for that code
length. This proves the first statement. O



Near-extremal Type | additive self-dual codes over
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For the second statement,
Com = Q2m 0 = 52771,0 + ﬁ2m7mbm-

bm = ﬁgyi,m(QZm,O - ﬂZm,O)'

1 6m+1/ 3m 1/3m
ﬁQm,m = 5; Q2m,0 = ( >7ﬁ2m,0 =35 ( )

m m—1 2\2m

b _12m—|—2 3m _ 3m
mTm m—1 2m)’
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Coam—1 = @2m—1,0 = B2m—1,0 + B2m—1,mbm + B2m—1,m+1bm+1.

1
bm+1 = Bom—1,m+1(@2m—-1,0 = B2m—1,0 — B2m—1,mbm)-

poncrmes = =ggemosn = (0 ) 200 ()
10 Y

6m 1 [(Bm + 2) +10 (SS:F;) + 5(m3T3)}

m = 1
b1 Rl LGS
3m 12m + 2/ 3m 3m
7(2m—1)72m|: m (m—1)7(2m>]'
(83m)!
b1 = ———————h )
1= Gmraim o

hi(m) = —88m®> + 1864m> — 34m — 62.

We can see that hq(m) < 0if m > 22.



